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ABSTRACT

Multiunit enzyme kinetic mechanisms incorporating multiple reactants and different
forms and degrees of inhibition, activation, cooperativity, and allosteric effects may be
reflected by the shape of the corresponding velocity of reaction curves. In this work we set
up a general model for such velocity curves and examine the qualitative behavior of
velocity shapes for different classes of biochemical parameters. Special attention is given
to various extensions of the Monod-Wyman-Changeux model with the purpose of estab-
lishing analytic results characterizing its velocity curve. Such results can provide a help in
discriminating between various competing models.

1. INTRODUCTION

This and the paper, Karlin [12], describe a mathematical approach to the
study of enzyme kinetics and allostery using known models of enzyme
action and control. The cases dealt with are single substrate reactions, in
enzymes with multiple subunits. The approach used should allow one to
understand better their physical (experimental) implications. Two particu-
larly possible relevant aspects of this work pertain to the analysis of the
shapes of velocity curves for the “Monod model” and the comparison of
three measures of cooperativity treated extensively in Karlin [12] and their
application to some velocity functions.

The basic model of enzyme-substrate interaction has the following struc-
ture. Let E, S, ES denote the enzyme, substrate, and complex (bound
enzyme-substrate), respectively. When substrate is available, £ and S can
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combine at the active sites, and ES accumulate rapidly over a transient
phase, attaining a pseudo-steady-state reaction-velocity level. After forming
a complex, the enzyme frees itself, releasing a “transformed” substrate—the
product. With increasing initial concentration of S, the velocity of product
formation will asymptote toward 2 well-defined limit, the saturation veloc-
ity. Thus, the reaction velocity (also called initial velocity and pseudo-
steady-state velocity) of an enzyme catalyzed reaction is a function of the
concentrations of substrates and of possible effectors involved in the reaction.

Multiunit enzyme-kinetic mechanisms incorporating multiple reactants
and different forms and degrees of inhibition, activation, cooperativity, and
allosteric effects may be reflected by the behavior of the corresponding
reaction-velocity curves. Through the study of these differences, with refer-
ence to the number of active sites participating in the reaction, some
insights into the nature of the interactions between enzyme subunits and the
type of binding and catalytic mechanism involved may be uncovered.

The reaction-velocity curve of an enzyme composed of identical and
independent active sites manifests the classical Michaelis-Menten hyper-
bolic curve, V(x)=xV,/(x+K,,) (K,, is the Michaelis-Menten constant),
asymptoting to V,, as x gets large. Cooperativity and allosterism can yield
velocity curves deviating from this simple hyperbolic shape. We define
hyperbolicity as described by a concave velocity curve, while sigmoidicity
denotes a shape that is initially convex and subsequently concave with only
one inflection point. Multiple inflection points for V(x) indicate “undu-
lations” or “bumps.”

Bardsley and Childs [1, 6] considered general velocity curves of the form

n
> ax’
i=1

m

1+ X Bx/
i=1

V(x): fOl‘ all ai’Bj>O’ m>n.

They attempted to bound the number of positive zeros of V'(x) and V"(x).
Trivial bounds are the degrees of the numerators in ¥’ and V”, which are
n+m—2 and 2m+ n— 3, respectively. These authors reduced the bounds to
2n—3 and 3n-—3, respectively; the latter is no improvement for n=m.
Another aspect of their work [2, 3] provided a classification of the possible
shapes of V(x) for m,n<4.

In this work we propose to study shapes of velocity curves for specific
enzyme-kinetic mechanisms, correlating classes of biochemical parameters
of enzymatic reactions with the qualitative properties of the velocity curves.
A general multiunit class of models is set forth in Sec. 2, and then a number
of results characterizing the associated reaction-velocity curves are
elaborated. In particular, sufficient conditions for hyperbolicity and
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sigmoidicity are established. In this perspective a detailed discussion of
generalized forms of the Monod-Wyman-Changeux model is presented. The
shapes of related Scatchard plots are also ascertained. Some mathematical
details and proofs are relegated to the appendices.

2. AN N-UNIT REACTION-VELOCITY FUNCTION

For completeness and clarity we briefly review the standard formulation
of a general kinetic model for an enzyme F involving N active sites. When J
sites have a substrate S attached, the complex is labeled C;, i=0,..., N. G,
represents the state of free enzyme where all sites are unoccupied. The
reaction activated by E can be schematized as follows:

Aoy A, . L.
Gy = C; =Ciorr s i=1,...,N—1, yo=fg=Ay=0,
Il, Y,J« Ilin
1+ P

",_

2.1

P being the product released at rate y, when i sites are occupied, A; the rate

of binding of substrate to an additional site, and [, the dissociation rate

resulting in a decrease by one in the number of active sites. Let p,=j,+v,,
i=1,..,N.

The initial abundance of substrate S as compared to the total initial
enzyme concentration, denoted by (E),, yields at steady state the relative
complex amounts C;=AgA; - A,_,Co/py- - iy, i=1,..., N, where we use
C; not only to represent the state C; but also its concentration.

Set

R S
7= ————"— and 7y=1. 2.2
L LA 0 22)
Then C;=#C,, i=0,..., N. The velocity of reaction is the rate of total
product formation,

N N
V= 2 YC=G 2 Yi ;- (2.3)

i=1 i=1

The conservation law of total enzyme concentration entails (E),=
SN oCi=Co SN o7 and so Co=(E)o/ZLo7;. Substituting into (2.3) leads to
the classical formula

N
(E)o 2 Y
Vel (2.4)
2 7
i=0
The following stipulations are usual.



100 SAMUEL KARLIN AND RON KENETT

Assumption 1. X,-=>\,»S, i=0,..., N—1. That is, the rate of binding of
substrate to an additional active site is proportional to the substrate con-
centration S.

Let m=AgA; - Aoy /Ml 1y, i=1,2,...,N, my=1. Then (2.4) be-
comes

N
(E)o 2 vim:S"
_ i=1
Vs)y=———" (2.5)
AN
i=0
Assumption 2. vy;,=ik,,, i=1,..., N. This assumption means that the

catalytic activities of the separate units are independent with an intrinsic
constant rate of product formation, k ,.

With this assumption

N
(E)okss 2 imS'

V(S)= = . (2.6)

> St

i=0

Let V,,=N(E)¢k.,,, and set P(S)=3 S, then

SP(S)V,,

"(5)=—Np(s)

2.7
The binding curve or saturation function which measures the fraction of
sites bound by a ligand to a protein has the same form as in (2.7) with
V,.=1. Any results relevant to ¥(S) will apply to binding curves, mutatis
mutandis.

Noncooperative model. A;=(N—i)k,,, jg,=ik_;, p,=i(k_;+k y), i=
1,..., N, reflecting an enzyme with independent and identical active sites. In
this case

w,=S‘K"(1Y), i=0,...,N,
i
where K=k, ,/(k_,+k,,), implying

N
P(S)= gos"K"(JZ’)=(1+KS)”
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and

SP(S)V, SV,

)="Fps) ~S+Ku

where K,,=1/K is the associated Michaelis-Menten constant.

3. GENERAL RESULTS FOR THE VELOCITY OF REACTION

Under Assumption 2 we obtain a velocity curve of the form (2.7). We
next summarize for easy reference some elementary facts in two proposi-
tions.

PROPOSITION 3.1
Let V(x) be a velocity curve of the form (2.7). Then:

(i) ¥(x) is a monotone increasing function of x, for any rate constants
k +2> >‘i’ .‘If ‘

(it) limg_,  V(x)=V,,, which entails that V"(x) <0 for large x.

(iii) V(0)=(m/mo)WVeu/ N=(m/ToX Edok 2.

(iv) Apart from the multiplicative constant V,,,

ve v BI(x) | P(x) ? L xP(x)P"(x)
V=250 2[ P(x)] oy
PU(x) L, [P T
+x P0x) +2x[ (%) J ;

in particular V" (0)=[2/(m)* 2 mom — 7 E)ok +2.
PROPOSITION 3.2

If the v, are increasing, then V(x) is a monotone increasing function of x for
§>0.
Two basic general results on shapes of velocity curves are highlighted

next. For simplicity we normalize ¥(x) so the V,,=1. The proofs appear in
Appendix A.

Shape of V(x) when {m,/7,_}}L, is increasing (not necessarily strictly).
Let K,=m,/m_,=X;_1/us, i=1,..., N. The quantity K; is the equilibrium
constant between states C;_, and C;.

RESULT I

Let V(x)=xP'(x)/NP(x). If {K,}}L\ is an increasing sequence, then
V(x) is sigmoidal.
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V(%) V(%) V()

e e g Vs

FiG. L.

Shape of V(x) when {m/x,_}/L, is concave. ({K;}/., is concave if
and only if (K, +K,;;)/2<K,;,i=1,...,N—1)

RESULT I1

Let V(x)=xP'(x)/NP(x). If {K;}}L, is a concave sequence, then V(x) is
either sigmoidal or hyperbolic, and 2K, > K, implies the former, 2K, < K, the
latter.

RESULT il

Let V(x) be a velocity curve with the property that for any real constants a
and b, a>0, V(x)—ax—b has at most three positive roots. Then only four
shapes for V(x) are possible, as in Fig. 1.

The above figure describes all possible velocity curves for a dimer, as
then V(x) is a ratio of quadratics and V(x)~(ax+b) can have at most
three positive roots; cf. [4]. In particular, for a dimer V(x) cannot have
undulations in its increasing portion.

The velocity curve of a trimer can produce two inflection points (or
“bumps”). Consider P(x)=(x2+a)}x+B), a,>0, and V(x)=
xP’(x)/P(x). Then the possibilities are as in Fig. 2.

V(x) V(x) V(x)

FiG. 2.
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SOME RELEVANT EXAMPLES OF VELOCITY CURVES

(a) Let P(x)=2N,x', m=1,i=0,..., N, i.e., K, are coincident, so that
enzyme state C; occurs with concentration Cyx’, x the substrate concentra-
tion. The corresponding velocity curve is

N
> ixt

Vex: Ny =1 _ [ NP2 (N+ DxM T+ x
(x;N)= Y; '—7\7 XN*2 N1 4 ’
N xf
i=0
’ — 1 ” - 2
V(0 =~ |14 (O)-W>0'

Results I and II apply here. It follows that V(x; N) is sigmoidal. The
Michaelis-Menton constant of ¥ (x; N) for each N is K, =1, and

lim V(x, N ={0 for x<1,

Nl—l;I:o (x. V) I for x>1,

showing that x=1 is an increasingly sharpened threshold point as N—oco.
(b) Consider P(x)=[/_,(x+«,;); a;>0, i=0,..., N, where P(x) has N

negative roots —e;, i=1,2,..., N. Then correspondingly

and since

V(x) is strongly hyperbolic.
(© If P(x)=I . (x*+a;), where P(x) has 2N pure imaginary roots

x==*iVa;, a;>0, then V"(x) can exhibit at most 2N~—1 sign changes,
and this upper bound can be attained.

4. THE MONOD-WYMAN-CHANGEUX (MWC) MODEL

Monod et al. [15] modeled cases of the existence of modifier molecules
that underlie the enzyme-substrate activity when the enzyme admits two
conformational states, the R (relaxed) state and the T (tense) state. The
different enzyme-substrate complexations from 0 to N sites occupied are
denoted by Ry,..., Ry in the R state, and Tj,..., Ty in the T state. The N



104 SAMUEL KARLIN AND RON KENETT

active sites are identical and independent in both the R and the T states.
Monod et al. postulated an allosteric mediated transition between states R,
and T;. These authors restricted attention only to the case of equal catalytic
performance per conformational state. The extended model, allowing for
different catalytic rates, yields the standardized reaction-velocity relation-
ship

x(1+x) '+ Locx(1+ex)V !
A+x)"+ L +ex)"

V(x) 4.1

(see [8]), where x denotes the initial substrate concentration scaled by the
Michaelis-Menton constant of the R state. Here, L is the ratio of the
transition rates between R, and T, ¢ the ratio of the Michaelis-Menten
constants for the separate R and T states, and 8 the ratio of the saturation
velocities in the T and R configurations. For simplicity, set Fx=1 where V3
is the saturation velocity in the R state.

Of particular interest is the case =1, corresponding to Vi=Vy, ie,
v® =yT. Biologically, this describes either a model where the R and T states
have the same catalytic activity (the case treated by Monod et al.) or a
model for the binding-velocity curve of a protein possessing two conforma-
tional forms.

In the model (4.1) we set, with =1,

P(x)=(1+x)"+L(1+ex)".

Then V(x) has the form described in (2.7), i.e., V(x)=xP'(x)/NP(x), V,,
normalized to 1. We can deduce

PROPOSITION 4.1

With 8= the velocity curve of the kinetic MWC model (4.1) is a monotone
increasing function of x. For 01 this is not necessarily the case, and V(x)
can attain a maximum before extending to its asympiote. More precisely, when
(1-8)Y1—c)=>0, then V(x) in (4.1) is increasing to its asymptote. For
(1-8)1—c)<0, V(x) is not necessarily monotone.

Monod et al. [15] gave numerical curves with 8= 1, exhibiting hyperbolic
and sigmoidal shapes. Goldbeter [11] verified numerically for 8=0.1, N=6,
L=10° ¢=0.1 that ¥(x) can describe a “small undulation,” i.e., a pair of
inflection points.

We showed numerically that even for §=1, N=4, L=43, ¢=02, V(x)
can have undulations such that

V'(x)<0 for x<0.14 and x>0.52,
V’(x)»>0  for 0.14<x<0.52.
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V(x)

1.0 T T 1
0.9 —
O.B‘ 1
0.7p= -
O.GL -
0.5 -
0.4 -
0.3 -
0.2§ -
0.1 -
oottt yl

Fi6.3. N=10, L=100, c=0.2, §=10.

Further information on the nature of the generalized MWC model
velocity curve is now presented.

RESULT IV

(1) The kinetic MWC-model velocity curve V(x) of (4.1) is monotone
increasing if c<1,0< 1 orifc>1, 8> 1. Furthermore, V(x)—a, a>0 admits
at most three roots.

(ii) With ¢=0, V(x) has hyperbolic or sigmoidal shape, according as
sign V" (0)=sign[ L(N — 1) — 1] is negative or positive, respectively.

(i) V(x) admits at most three intersections with an increasing line passing
through the origin, and for c <1, 8c>1 or c> 1, 8¢ <1, this upper bound is
reduced to 1.

Remark. The bounds of Result IV are attainable, and also the kinetic
MWC-model velocity curve (4.1) can reach a maximum prior to its asymp-
tote. Figure 3 shows results for N=10, L=100, c=0.2, §=10.

5. MODELS WITH TRANSITIONS BETWEEN SEVERAL
CONFORMATIONAL FORMS

Consider an enzyme E with N active sites and K possible conformational
states. Let f),..., fy denote the free-enzyme steady-state concentrations in
the K different conformational forms F, F,,..., Fx. We denote by d¢’ the
concentration of £ in the jth conformational form with » sites occupied,
v=1,....,N,j=1,..., K.
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Fic. 4.

We allow transitions between F, and F, at rate v, ;, i, j=1,...,K and
general binding and dissociation rates AY, u{) within the i th conformational
array, as described schematically in Fig. 4.

Let v{? denote the rate of product formation when the enzyme system is
in conformational state /i with » occupied sites. In this extended model the
equilibrium concentrations are calculated as follows. Define P;; =
Y,/ 2% 17 ;, and determine f; as the unique (up to a constant factor)
positive solution of ZK,fP,;=f, j=12,..., K. Define = =
APQAD- - N /uOuP - pld, 1<y <N, a{P=1. Then d{P=="f, v=
0,1,....,N,i=12,...,K, is (up to a constant factor) the steady-state con-
centration of the enzyme complex in conformational state i having » active
sites.

The corresponding reaction-velocity curve is

K N
2 2 v,
i=1»r=1

K N

2 270

i=1 p=]

V(x)=e

where e is a normalizing constant. Under the MWC-like specialization

A =(N—»)Sk{), p=v(kD+k$Y)
WO=rk(,  KO=k@ /(KD +kE). (5-H
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(see Sec. 3), the velocity curve of this generalized MWC model with K
conformational states takes the form

K
X 2 QiLi(1+Qix)N_10i

VH(x)= " , (5.2)

NS L(a+0,x)"
i=1

with

=T B oo K
l 1;} ’ i j+| K(’)

Jj=1

and where 8, measure the relative saturation velocities for the different
conformation forms. The velocity curve V*(x) in (5.2) reduces to (4.1) for
K=2.

The associated binding curve is obtained by setting #,=1:

K
x D QL(1+0,x)"!

V(ix)=—"1 . (5.3)

S L(+0x)"

i=1

The generalization of Result [ is

RESULT VvV

If Q, and 8, are monotone together (more generally, share the same
ordering), then V*(x) of (5.2) is monotone increasing.

6. DIAGNOSTIC PLOTS

A widely used graph is the double reciprocal plot, i.e.,, 1/¥(x) versus
1/x. This data transformation can be useful to determine the behavior of ¥V
near zero concentration. As x—oc the graph of 1/V versus 1/x approaches
an asymptote of slope 1/7, and intercept —[2mym, — ], so that V”(0) >0
means a negative intercept and ¥V”(0) <0 a positive intercept (cf. Proposi-
tion 3.1). It is conceivable that in some cases it will be easier to obtain the
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intercept of the asymptote in the double reciprocal plot, than the initial
behavior of V.

Levitzki and Koshland [14] used the double reciprocal plot in order to
assess the extent of positive or negative cooperativity in terms of the Hill
equation (cf. Karlin [12])

XN

xN+ K, *

They infer that convex or concave behavior of 1/V with respect to 1/x is of
diagnostic value for ascertaining cooperativity (positive and negative, re-
spectively) relative to small or large substrate concentration levels. An
analysis of the classical Monod model was done following these lines by
Bardsley and Childs {1, 6]. See also Ricard et al. [17] for a simulation study
on double reciprocal plots for tetramers.

Application of the double-reciprocal-plot criterion for positive or nega-
tive cooperativity in the case N=2, i.e., for dimeric enzymes, is of particular
interest. Let

ax+a,x?

TTepapr L OTwTab
1 2

V(x)

In the double reciprocal plot we have for y=1/V and z=1/x that

224+ Bz B, , 2
~mzta, and y”(0)= (az)z[az(az_anﬁl)"'%zﬂz],

y(z)=

so that ¥”(0)>0 entails y“(0)>>0. But the converse does not necessarily
hold, ie. an initial convex double reciprocal plot does not compel
sigmoidicity of the velocity curve.

For N-unit enzymes,

ax+ - FayxV

Vo= 1+Bx+-- +8yxV

» V(O)=a—aBy

and

2
y"(0)=2| By_,—~ aN;ZﬁN _ Bn_ran—, +(01N—1 ) BN:(,

N Ay
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so that there is no clear-cut relation between ¥”(0) and y ”(0). In particular,
we can have V”(0) >0 with y "(0) < 0.

The nature of cooperativity or the real shape of a velocity curve cannot
be determined by the behavior of V for x near zero or near infinity, as this
is determined by the coefficients of the first and last powers of x only. For
dimers these coefficients are the same.

Another common way to present data in enzyme kinetics is to plot
S(x)=V(x)/x against V(x). This is called the Scatchard plot, and in the
following we propose to investigate the relationships between the shapes of
velocities of reaction and their Scatchard plots. We concentrate on velocity
curves of the form V=[xP'(x)/NP(x)]V,,, where P(x)=3ZLqmx".

(i) Straightforward computations yield that S(0)=F"(0) and 25"(0)=
V”(0)(m,)?, so that an initial increase in S(x) implies an initially sigmoidal
velocity curve and conversely.

(1) {mo/m 5" increasing yields a monotone decreasing Scatchard plot.

Proof. For a>0, consider

1 d . Tit1 Na i
“]—v'igo(l’*'l)'ﬂ'i[ 7, ——l+1 X

S(x)—a=

N
> mxt

i=0
But Na/(i+ 1) decreases convexly, so that the sequence

Tiv1l _ Na | V!
T; i+1

4 i=0Q

has at most one sign change for #,,,/m; increasing, and by the Descartes
rule of signs, we infer that S(x)—a has at most one positive real root. This
property holds for all a>0, by which we can conclude that S(x) is
monotone decreasing.

(i) {my, /7 )5 concave yields a monotone decreasing Scatchard plot if
27y > w{; otherwise the Scatchard plot initially increases, but then decreases
monotonely after reaching a unique maximum.

The proof paraphrases that of (ii) above.
(iv) For the classical MWC model

(A+x)" "+ Loc(1+ex)V !

S(x)=
) (1+x)N+L(l+cx)N
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referring to the results of Sec. 4 and noting that x[ S(x)—a]=V(x)—ax, we
deduce that for (1—-c¢)(8c—1) > 0 the Scatchard plot is monotone increas-
ing, and otherwise it can produce at most three intersections with a
horizontal line.

@iv) If P(x)=II% (x+ea;), a;>0, then S(x)=2¥,1/(x+a,;) is mono-
tonely decreasing for x> 0.

™ If P(x)=TI"L (x*+a;), a; >0, then S(x)=3N x/(x*+4q;), so that
S(0)=8"(0)=S(00)=0, §'(0), S'(0)>0, and $7(0), S”(00) <0, determining
the initial and the asymptotic shape of S(x).

These results provide another graphical representation by which to
discriminate between different models. See Gibson and Levin [10] for an
application of similar ideas.

7. DISCUSSION

In this study we concentrated mostly on mechanisms satisfying Assump-
tions 1 and 2 of Sec. 2. Within this general framework the initial velocity of
reaction has the form

xP'(x)
NP(x) =’

V(x)=
N

P(x)= X mx', m>0, i=0,...,N,
i=0

where x is the initial substrate concentration and ¥V, the limiting saturation
velocity. This velocity curve is always monotone increasing, and we char-
acterized its shape for various choices of P(x). The qualitative shape of
velocity curves studied in Secs. 2-5 and of some additional cases are
described in Table 1.

Our results on the MWC model can serve as diagnostic aids for deciding
about its relevance. This problem is of special importance when the velocity
curve plotted from the data shows positive cooperativity, while the Kosh-
land et al. models [13] cannot be excluded. It is interesting to note
(Proposition 4.1) that the velocity curve of the kinetic MWC model, in
contrast to the binding MWC model (where §=1) is not necessarily mono-
tone. The use of Table 1 and Result IV can help reject the MWC model
hypothesis in some situations.

Further information that can be drawn from velocity curves concerns the
form and level of interaction and cooperativity between active sites. More
details on measures of cooperativity can be found in [12].
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TABLE 1

111

WA xP'(x)
P(x)=,§0w.-x V)= FE0

,m>0,i=0,...,N

Shape

o .
K,= —— increasing
m

i—1

/ Sigmoidal

7
K,=—— concave

i
i—1

Sigmoidal
or
hyperbolic

v/

m=1,1=0,...,N

/ Sigmoidal

N
H (a;x+a,),a;,0;20,i=0,...,N

i

Strongly
hyperbolic

7

N
Il (x*+a,),a,20,i=1,...,.N
1

e

-~ Upto2N—1
inflection
points

-~

(x*+a)x+8),a,8>0
(x+a)*+a,a,a>0

A+x)Y+LA+ex)Y, L,c>0

Kinetic MWC model with two conformational forms:

x(1+x)Y ' xLe(1 +cx)V !
A+x)Y+L(1+ex)”

V(x)

~ S
e

Generalized MWC model with X conformational forms:

K
x ‘21 QL1+ Qix)N_ 10.'

-

V(x)= s

2 L(+Qx)"
fe=]

c>1
451
[ e<1

If Q; and §, share

the same ordering, then

V(x) is monotone

e<1
<1 /J.
9>1
c>1
f<1
increasing. When §,=1,
V(x) is positively
cooperative. (see [12])
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FiG. 5.

In this modeling analysis our aim is to construct a frame of reference
relevant to the analysis of actual data. A complementary role is played by
statistical methodology, where the problem is that of estimation of parame-
ters (e.g., see Cleland [7], Box and Hill [5], or Pritchard et al. [16]). A
comprehensive analysis of data should incorporate information from both
directions.

APPENDIX A

To prove Results 1111 we first establish a lemma.

LEMMA 14

Let V(x) be a velocity curve satisfying the following properties: (i) V(0)=0;
@i1) V(x)>O0 for all x>0, entailing V'(0)>0; (iii) im,_, ¥V (x)=V_ < o0. If
there exists a concentration level X such that V'(X)>0 and

V7(x)<0 for x<x,
V' (x)=0  for x=2Xx, (A1)
V'(x)>0 for x>%,

then there will be an increasing line crossing V(x) at four points on the positive
axis.

Proof. Take the tangent to V(x) at X and tilt slightly in a positive
direction. The new line will cross V(x) at two neighboring points of %, at
x=2Xx, and at a fourth point whose existence is assured by the asymptotic
limit of V' (x) (see Figure 5).

We can now proceed to prove a general proposition (cf. Result II).
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LEMMA 24

Let a, b be arbitrary constants, a>0, and V(x) a monotone increasing
velocity curve. If V(x)—(ax+b) has at most three positive roots, then V(x)
has only hyperbolic or sigmoidal shapes, i.e., at most one inflection point.

Proof. The existence of at most three roots contradicts the conclusion
of Lemma 1A, therefore excluding the verification of its assumptions. In
other words, the relations described by (A.I) are precluded, and a concave
portion of V(x) cannot be followed by a convex portion, so that we must
have a hyperbolic or sigmoidal shape.

Let V(x)=xP’(x)/NP(x), P(x)=32 omx’, V being the general velocity
curve obtained under Assumption 2 with ¥, normalized to one. We form

Q(x)

V(x)—(a'x+b")= NP(x)’

(A2)

where Q(x)=—bm+ S | [(i—b)m—am_,|x'—amyx™*1, a=Na’, b=Nb'".
Then if Q(x) has at most three positive roots, V is either hyperbolic or
sigmoidal, by Lemma 2A.

We proceed to the proof of Result 1.
To this end, consider in (A.2) the polynomial Q(x)= —ba,+Z [(i—
b)m,—am_,]x"+anyx™*'. We have to distinguish two cases:

(i) <0, so that i—b>0; then examination of the sequence

m; a ¥

Ear=1

allows us to conclude, since K;=m,/m,_, is increasing, that the coefficients

in Q(x) exhibit at most three sign changes. It follows by invoking the

Descartes rule of signs that Q(x) vanishes on the positive axis at most three
times.

(ii) 5>0; for i< b we have (i—b)m —am,_;<0. If i>b, we study again
{m/m_1—a/(i—b)} and uncover an upper bound of 2 for the sign changes
among the remaining coefficients in Q(x). Again, the Descartes rule of
signs implies that Q(x) possesses at most three positive real roots. On
account of Lemma 2A we may conclude that V(x) is either sigmoidal or
hyperbolic. The initial shape of ¥(x) is ascertained from sign[V " (0)]=
sign[2mym, —wi]=sign[2K,—K,]. But K, implies K,>K, and therefore
V”(0)> 0, so that ¥(x) is always sigmoidal.

The proof of Result II paraphrases the analyses of Result I with the
adoption of the concavity assumption on { K} in place of the monotonicity.
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APPENDIX B. SKETCH OF PROOF OF RESULT IV
The assumption ¢=0 reduces (4.1) to
_x( +x)N_l

V) (1+x)V+L

Let P(x)=3X  mx'=(1+x)¥+ L. Thus, V(x)=xP'(x)/NP(x) is mono-
tone increasing. We note that lim . V(x)=V_=1. Then

mo=1+L, 7r,-=(1>]), i=1,..,N

, N—i+1 | L
~m. N 7 =T is decreasing in i=2,..., N.

In order to describe V(x) we have to compare K,=(N—i+1)/i with
a/(i—b), a>0,i=2,..., N, and we will rely on the representation of Q(x)
in (A.2). We distinguish two cases.

(1) b<0: then the coefficients of Q(x) have at most three sign changes
in the order + — + —.
(i1) 5> 0: then the signs in Q(x) are in the arrangement — — + — —.

In both cases there are at most three sign changes and therefore at most
three positive roots to Q(x), so that, in accordance with Lemma 2A, V(x)
is either hyperbolic or sigmoidal.

The velocity curve (4.1) of the kinetic MWC model displays the same
qualitative properties with c<1, L>1,0<1 aswithc¢>1, L<1, 8> 1. This
comes about by the simultaneous transformation of variables ¢—1/c,
L—>1/L, §-51/8. In order to prove that ¥(x) of (4.1) is monotone under
the conditions of Result IV, we examine V(x)—a for a constant a and
ascertain the number of sign changes. This reduces to the study of the
function x(1+x)¥ '+ LOcx(1+cx)¥ '—a[(1+x)Y+ LA +cx)V]

The coefficient of x* is

(}Z:ll)[1+L0c"]—a(ll\!)[l+L€"]. (B.1)

Note that
0/
k k k—1
is monotone decreasing in k. Now for all ¢ >0 and 8> 1,

1+ Lck
1+ L8c*



VELOCITY CURVES IN ENZYME KINETIC SYSTEMS 115

Now consider

14 Lc*

FES TR (y<1). (B.2)

We have for the numerator of (B.2) c*L(1—y8)+ 11—y, and if ¢>1, then
the signs can only be in the order +(F). It follows that (14 L8c*)/(1 + L)
is decreasing or is increasing for k increasing. This implies that (B.1)
exhibits at most one sign change for each a>>0, and the proof when c¢>1,
8> 1 is established. The validation for the case ¢ < 1, # < 1 ensues by similar
means.

The other statements of Secs. 3, 4, and 5 can be proved by further
refinements of the methods outlined above.

REFERENCES
1 W. G. Bardsley, and R. E. Childs, Biochem. J. 149: 313 (1975).
2 W. G. Bardsley, Biochem. J. 153:101 (1976).
3 W. G. Bardsley, J. Theoret. Biology 65:281 (1977).
4 J. Botts, Trans. Faraday Soc. 54:593 (1958).
5 G. E. P. Box and W. J. Hill, Technometrics 16:385 (1974).
6 R. E. Childs and W. G. Bardsley, J. Theoret. Biology 50:45 (1975).
7 W. W. Cleland, Advances in Enzymology 29:1 (1967).
8 K. Dalziel, FEBS Lett. 1:346—348 (1968).

O

K. Dalziel and P. C. Engel, FEBS Lerr. 1:349-352 (1968).

S. Gibson and S. Levin, Proc. Nat. Acad. Sci. U.S.A. 74:139 (1977).

A. Goldbeter, Biophys. Chem. 4:159 (1976).

12 8. Karlin, Measures of enzyme’s cooperativity J. Theoret. Biol. 85 (1980).

13 D. E. Koshland, Jr., G. Nemethy, and D. Filmer, Biochemistry 5:365 (1966).
14 A. Levitzki and D. Koshland, Proc. Nat. Acad. Sci. U.S.A. 62:1121 (1969).

15 J. Monod, J. Wyman, and J. P. Changeux, J. Molec. Biol. 12:88 (1965).

16 D. J. Pritchard, J. Downie, and D. W. Bacon, Technometrics 19:227 (1977).

17 J. Ricard, C. Mouttet, and J. Nari, Eur. J. Biochem. 41:479-497 (1974).

18 E. P. Whitehead, Biochem. J. 159:449 (1976).

—
)



