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Abstract — The problem of industrial process control has been tackled in several ways by both
theoreticians and practitioners. The most common approach was developed in the twenties by
Shewhart in the form of “control charts”. Major developments since the control chart include
Cumulative Sum Procedures, Exponentially Weighted Moving Average charts and Fast Initial
Response Startups.

We apply here a Bayesian framework for tracking a process over time. We use a Bayesian model
that explicitly models the effect of assignable causes as a shift in the mean. We derive, after each
observation, the posterior distribution of the process mean, given the observations collected in
the past.

The fractiles of the posterior distribution of the process mean and the posterior probabilities
of a shift at any given time constitute powerful control and diagnostic tools. The sensitivity of
the procedure to the prior parameters and the properties of detection criteria are studied by
simulation experiments.

1. INTRODUCTION

How do we keep a process under control? Obviously the decision tool to use depends on
how we interpret the process control problem.

The most common interpretation is attributed to WShewhart [1931]. In the Shewhart
framework one first identifies process variability due to common causes. Then, control
limits based on estimates of the process mean and standard deviation permit us to detect
significant assignable causes, thereby triggering corrective actions. The control limits
are set to give fixed and preset probabilities for undercontrol and overcontrol activi-
ties. Shewhart control charts have been adapted to wear out or other known changes in
distribution parameters. For a modern exposition of the subject see the book by Stephens
et al (1986). In all cases, control charts carry the flavor of hypothesis testing procedures,
with control limits and action rules designed to provide a known significance level, o,
such as .27%, 1% or 5%. Using three sigma limits (a = 0.0027), for instance, provides
a test of stability for statistical variations over time. This approach has proven efficient
and practical and gained wide range use and acceptability throughout industry.

A drawback of using control charts for process control is the nature of repeated testing of
significance over time. The significance level « is determined from an individual, one time,
test perspective. A long term perspective on the performance of process monitoring tools
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demeans the role of a. In the long run the statistically based control scheme will always
trigger an alarm. Overall significance levels are therefore one, and so is the power to
detect assignable causes. Any change or non-change in the process triggers action, in the
long run. This has led to investigations of Average Run Length (ARL) characteristics of
control charts. In order to increase the sensitivity for detecting changes and get improved
ARLs, Cumulative Sum procedures (CUSUM) were developed (Page (1954)). Further
enhancements to CUSUMs including a combined Shewhart-CUSUM control scheme and
Fast Initial Response (FIR) start ups, were proposed by Lucas (1982) and Lucas and
Crosier (1982).

Numerical algorithms and analytical determination of the Run Length probability dis-
tribution of CUSUM procedures is presented in Zacks (1980, 1981). An extension of
CUSUMs to cases were processes cannot be reset is given by Kenett and Pollak (1983).
Pollak investigated optimality of an alternative sequential procedure (Poliak (1985)) la-
beled after Shiryayev and Roberts. Such a Shiryayev-Roberts control scheme was applied
to track reliability growth in a software development effort (Kenett and Pollak (1986)).
Another approach was taken by BHoadley and his colleagues at AT&T (Hoadley 1981)
resulting in the Quality Measurement Plan (QMP). The QMP mechanism dynamically
estimates a quality index distribution using hierarchical Bayes methods. The index is a
ratio of observed to expected defects. Posterior fractiles of the quality index are presented
in a box and whiskers plot format. An alert is triggered by having the 95th percentile of
the index posterior distribution above the standard level of one. When the 99th percentile
is above one a “Below Normal” condition is declared. A scheme which is more sensitive
to drifts in the mean was developed by Phadke (1981).

Like Hoadley, we use a Bayesian framework for tracking the process over time. The control
problem we tackle is that of a continuous variable with a normal distribution. The basic
reference for our study is the work of Chernoff and Zacks (1964) originally motivated by
a radar tracking problem.

The uncertainty in the process is reflected by a probabilistic structure for the observations,
which includes random errors around a mean drawn from a normal distribution.

We assume no initial bias in process startups so that, on the average, the mean is on target.
At some unknown point in time a perturbation in the mean occurs. That time instance
can be in the past, present or future. Our goal is to control fractiles of the posterior
distribution of the current mean and of predictive distributions of future observations,
given the past behavior of the process.

In Section 2 we present a Bayesian tracking model for the case of at most one change.
The posterior distribution of the current mean, yu,, is derived in Section 3. As shown,
the posterior distribution of g, is a mixture of normal distribution, with mixing posterior
probabilities which are nonlinear functions of the data. The central moments of the
posterior distribution of p,, are derived, and a method is given for the computation of the
posterior fractiles.

Numerical illustrations of the tracking procedure, and an associated detection procedure
are given in Section 4. This detection procedure is based on the posterior probability,
after n observations, that the change has not yet occurred. An alert is issued when that
posterior probability drops below a prescribed threshold, II*. At the time of an alert,
an estimate of the point of change is computed. Simulation results generated from a
fractional factorial computer experiment demonstrate the effects of the prior parameters
on the procedure’s performance. Section 5 concludes the paper with a discussion of our
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results.

2. THE BAYESIAN TRACKING MODEL

Observations from a continuous distribution characteristic of a process are recorded at
discrete times i = 1,2,... The observations, X;, are determined by the value of a base
average level, uo, and an unbiased error, ¢;. Possible system deviations at start-up are
modeled by having po randomly determined according to a normal distribution with
known mean pr (a specified target value) and a known variance o®. At some unknown
point in time a disturbance might change the process average level to a new value, pio+ 2.
The probability of having a disturbance between any two observations, taken at fixed
operational time intervals, is considered a constant, p. Accordingly we apply a model of
at most one change point at an unknown location. The corresponding statistical model,
for at most one change point, within n consecutive observations is as follows:

X,'=[.I,,‘+6,‘, i=1,2,...,7’l. (21)

Where p; is the observation’s mean and ¢; the measurement error, the at-most-one-change
(AMOC) point model is:

Ho, Z=1,,]—1
§ = . 2.2
Hi {ﬂ0+zu [ PR (] ( )

Where j indicates that the disturbance occurred in the time interval between the (j —1)st
and j-th observations. j = 1 indicates a disturbance before Xj, j = n + 1 indicates no
disturbance among the first n observations.

The Bayesian framework is based on the following distributional assumptions:

Ho ~ N(/"Tvaz) (2'3)
Z ~ N(6,7%), (2.4)
& ~N(0,1) i=1,2,... (2.5)

The parameters ur, 0%, 72 are assumed to be known and N(-,-) designates a random
variable having a normal distribution law. Assumption (2.5) of the model requires that
the raw data be scaled, to have conditional variance equal to 1.

For n observations, let J, denote the random variable corresponding to the index of the
time interval at which a change occurred. It is assumed that the prior distribution of J,
is the truncated geometric, i.e.,

Pr(J,=jlp) = p(1—pyF7Y, i=12,...,m 0<p<l1 (2.6)
= (1-p) j=n+1; 0<p<l

The assumption underlining (2.6) is that disturbances occur at random according to a
homogeneous Poisson process. Finally, we assume that pa, Z, J, and € are independent,
for each n.

3. THE POSTERIOR DISTRIBUTION OF THE CURRENT MEAN

In the present section we develop the formula of the posterior distribution of z,, given
X® = (X,,...,X,), and compute its moments and fractiles.
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3.1. General Derivation

For j=1,2,...,n+1, let

_ 1 j=1 _ 1 n
X;og=—) X; d X: ...,=—» X,
j=1 ]__1; an n—j+1 n—]+1§

where Xo = 0 and X2 = 0. The current mean g, can be written, in the AMOC model, as
pn = o+ I{J, <n}Z, (3.1)

where I{-} is an indicator variable, assuming the value 1 if the relation in brackets is
true, and the value 0 otherwise. Thus, given {J, = j,X(™}, the Bayesian model of
Section 2 implies that the posterior distribution of u, is normal A (E,-’,.(X(")), D;‘-’m),
where E;,(X™) is the posterior mean of p,, given {J, = j, X}, and D3, is the
corresponding posterior variance. Formulae for E;,(X(™) and D}, i=12..n+1,
will be derived below.

Let II(J, = j | X(™) denote the posterior probability function of {J, = j}, given X",
Then, the posterior distribution law of p,, given X, £(u, | X(™), is the mixture of the
normals N(Ejln(X(")), D;‘-’Iﬂ), with mixing probabilities IT; ,(X™) = II(J, = j | X)),

ie.,

n+1
L | X)) = 37 1;,(X) N (EB;a(XM), D2,). (3.2)
j=1

To determine E;,(X™) and D? ,for j =1,...,n+1, notice that the joint distribution

of (pn,)—(j_l,)—(;_”l), given {J, = j}, 7 = 2,...,n, is multi-normal with mean (pr +
8, pr, pr + 8) and covariance matrix

o417 ... a? o412
E|.1= 0'2 vas (72+"_-—1—i 0'2 * (3‘3)
j—
1
o472 . o? 02+72+7n_],+1
From the common formulae of regression theory we obtain, for j = 2,...,n.
Ejn(X™) = po + 6+ (3.4)
1 -1
o+ —— a? -
+(0%,0% +71%) i-1 ] ( _‘Xj—l—#r )’
o2 0?4+ 72 4 Xoj1 — BT — 6
n—j+1
and
1 -1
02 + ]—1 0’2 0’2
D =o*412 (0%, 0% 411 - . (3.5
im + ( oc'+T ) 2 02+T2+ 1 (72+T2 ( )

n—j+1
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The cases of j = 1 or j = n+ 1 are similar. Thus, after some algebraic manipulations we
obtain the following formulae:

pr+§6 n(o? +7?)
1+n(a?4+73)  1+n(@®+72) "

i=1

' Ejn(X®™) = WO(uz+6+(G —1)o?) + WX 1+ W Ks iy, §=2,...,n (36)

ur no?

X,
\ 1+ no? + 1+ no?

j=n+1,

where
W}},} =[1+no?+ 7 n—j+1)(1+°G -1
W = o%(j - Hwh, j=2,...,n (3.7)
W =1-w) - w)

n

Furthermore,
(P47 40?2 - D)WL}, G=1m

L -
Dl =% ., (3.8)

_ = 1.
1+ no?’ j=nt

We derive now the formulae of the posterior probabilities TI;,(X(™).

3.2. The Likelihood Functions and Posterior Probabilities

Let L(J, pto, Z; X(™) denote the likelihood function of (4, o, Z) given the first n observa-
tions X(™. Let L*(j;X(™) denote the marginal (predictive) likelihood of j, given X,
which is the expected value of L(j, po, Z; X®)) with respect to the prior distribution of
(40, Z). By Bayes theorem, for all j = 1,2,...

I{j < n}p(l — p)y 1L (j; X0) 4 I{j > n +1}(1 — p)" L*(n 4+ ;X))

TLjn(X) =
p(1—p)Y LG X)) + (1 - p)" L7(n + ;X))
=1
(3.9)
We further develop this formula. From the normal distribution of ¢ (i = 1,...,n),
- ’ ; 1 1 51 2 1 n 2
L(],[_LQ,Z;X( )) = Wexp { - 51 I(X[ - ﬂo) - 'Q—IE(XI — Mo — Z) } = (3.10)
= =j
: 1 1 1., i—1/g 2
= @r)E exp{ - §Qj—1 - §Q,._j+1 -5 (Xj—l - #o) -
n—j3+1 /., 2
- 2 (Xn—_1+l FO—Z) }1 J :27 ’n
i-1 B n _
where Q;_1 = IZ(X,—X,q)’ and Q%_j;q = I):(X,-—X;_,-_H)z. When j=lorj=n+1
=1 =3

n

we substitute in (3.10) Qo = 0 or Q = 0, respectively. Let Qn = 3 (Xi — X,,)?. Simple

i=1
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algebraic manipulations yield

3= 3@ =5 (0= 26 -1 (1= 58) (K - Xy, 811)

j=1,...,n+ 1. Substituting (3.11) in (3.10) we obtain
L(j, po, Z; XM = (3.12)
1 1 . I—-IN\ /o ., 2
P e e

J_l v 2 n_J+1 Y * 2
~i- (Xjor — o) — — (X3_js1 = po— 2) }
Moreover, for j =1,...,n+1,

L*(j; X)) = (3.13)
1 1

(2m)/2 exp {“§Qn} exp {(j -1) (1 - %) (Xj—l - X;—j+1)2} :
. E{ exp { — ]—g—l (Xj—l — p0)2 — n—;—-}-l (X;__,-H — fo— Z)2}}v

where the expectation in (3.13) is with respect to the prior bivariate normal distribution
of (4o, Z). Thus,

L*(j;X™) = @%eXP{—%Qn}- (3.14)
: {(j -1 (1 - %) (R - )?;_J.+1)2} L3 X0,

j=1,...,n+1, where
1 {
'exp ——
(1+n(02+72))1/2 2(1+n(a’+7’2)

n

L™(1; XMy =

) (X:—m—a)’}, (3.15)

and for j =2,...,n,
1
(l +nol+(n—j7+1)72(1+ (7~ 1)02))
{ 1
cexpy — _ : .
2(1+n0% + (n — j + 1)72(1 + (F — 1)a?)) .

RAGERGEION
n—j+1 .

L*(5;X™) =

75 - (3.16)

: ((Xj—x — ) = 20*(Xjor — pr)(Xy_jpr — b — 5)) +

1+(G—-1)o? /., 2
+_§'—_—1—)—-(Xn—j+1_ﬂr_6) ]}v

while

L*(n+1;X™) = (3.17)

Ve {‘2(1 o - ““2} ‘
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3.3. Moments of the Posterior Distribution of y,

Let m*(X™) denote the r-th central moment of the posterior distribution of y,, given
XM e,
m3(X®) = B{(kn — i)’ |X®}, (3.18)

n+1l
where ji, = ZH,-,,,(X(")) E;A(X™) is the mean of the posterior distribution (the Bayes
=1
estimator of g, for a squared-error loss). According to the mixture (3.2), the central
posterior moments of u, can be expressed in terms of the corresponding moments of
N (Ej,,.(x(")), Djz-lﬂ) and the moments of E;,(X™) around fi,. Let M*(t) designate the

posterior moment generating function of (# — fin), i-e.,
M*(t) = E{ebnin) | XM} = (3.19)

n+1
= 3 1, (XO)eHBin (X)) plet(in-Bin(XT)) | 7 = X0},

i=1
Since the conditional posterior distribution of p,, given {J = j, XM} is N (Ej',.(X(")),
D]?,n), the conditional posterior moment generating function is

" i?
M;(t) — E{et(ﬂn—EJ,n(x( ))) | J = J,X(ﬂ)} = exp {ED;{"}’ ] = 1,, . + 1. (3.20)

Thus,
n+1

- n n . 2
M*(t) = z; I0; . (X™) exp {t(Ej,,,(x< )y - u,.) +3 D},,} . (3.21)
1=
From (3.21) one can obtain the central posterior moments of yi,, given X @), In particular,
n+l n+1 2
Var{n | XP} = Y"1, (X) D2, + Y 11, (X) (EJ-,,, (X)) - p,,) . (3.22)
=1 Jj=1

the third central moment is

n+1 3 n+1
ms (x(ﬂ>> =3 1, (x(")) [E,—,,, (x(")) - ﬂ,.] 1331, (xw) [E,-,n (x(")) - ﬂn] D,
j=1 i=1
(3.23)
and the fourth central moment is

n+1 4
m; (x(")) -3, (x(“)) [E,-‘,, (x("’) - ;2,,] + (3.24)
J=1

n+1 2 n+1
+65 1L, (x(”)) [Ej,,. (X(”)) - p,.] D} +3310;, (X(")) Dt

=1 i=1

3.4. Posterior Fractiles of u,

According to (3.2), the posterior c.d.fof pn, at a point z is

n+1 . ) (n)
Plo | X09) = 3 1, x)0 (22500

=1

) : (3.25)

mn
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where ®(Z) is the standard normal integral. Accordingly, the p-th fractile of u, is the
root gn(p) of the equation

f_‘fjl I, (X )& (l‘n(P) - Ef.n(X‘"))) =p, (3.26)

m
for 0 < p < 1. The root p,(p) of the non-linear equation (3.26) can be obtained by the
Newton-Raphson iterative formula:

n+1 pI(p) — E;. (X("))
I, (x(">) o —p

Djn

j=1

pS(p) = p(p) — : (3.27)
w411l (x(“)) #9(p) = E;n (X("))
04

Djn D;,

=1

it =1,2,..., where ¥(Z) is the standard normal p.d.f. One can start the iterations with
the initial approximation

pO@) = Y ;. (X)) Ej, (x‘"’)+Zp’)Z+:lHj,n (X™) D;, (3.28)
i=1

=1

in which Z, = @7 1(p).
Numerical examples show that generally (3.27) requires only a few iterations to obtain
convergence within four or five significant figures.

4. NUMERICAL EXAMPLES AND SENSITIVITY ANALYSIS

4.1. Numerical Examples

In Tables 4.1 and 4.2 we present portions of two simulated sequences (SIM1 and SIM2) of
15 observations, with a change point at J = 10. In both sequences the prior parameters
are pr = 0, § = 1.5, 0* = 72 = 1. The random values of y; (i = 1,...,15) for the two
sequences are:

W _ { —1.91523, i <10

: 0.53421, i>11

and
@ _ [ 1.32238, i <10
o= 0.72655, i>11

In Tables 4.1 and 4.2 we also present the posterior probabilities of {J = j}, computed
sequentially on the basis of X(), i = 7,...,13. We see in Table 4.1 (SIM1) that for
i <10, Iy ,(X®) assumes the maximal value, which is always greater than 0.8; while
immediately after the change, for 7 > 11, ITj; (X)) assumes the maximum (close to 0.9),
while ;4 ;(X®) is close to zero. This is a case in which a detection of a change point
based on II;;(X() can be easily attained. This is not the case in Table 4.2. The simulated
sequence SIM2 does not lead to a close detection of the change point. The value of the
prior parameter § is small relative to (7% + o2).

»
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Table 4.1.

Posterior Probabilities II j,.-(X(")), and Posterior Fractiles, Means
and Standard Deviations of y; ( = 7,8,...,13), Based on the
Simulated Sequence SIM1. Change Point at 7 = 11.

' H 7 8 9 10 11 12 13
X;
. \ -2.081 | -2.837 | -0.731 | -1.683 1.289 0.565 0.256
J

1 0.0027 0.0028 0.0023 0.0025 0. 0. 0.

2 0.0057 0.0066 0.0037 0.0037 0. 0. 0.

3 0.0022 0.0023 0.0016 0.0016 0. 0. 0.

4 0.0072 | 0.0085 | 0.0029 | 0.0026 0. 0. 0.

5 0.0050 | 0.0054 | 0.0019 | 0.0017 0. 0. 0.

6 0.0047 | 0.0043 | 0.0017 | 0.0016 0. 0. 0.

7 0.0194 { 0.0039 | 0.0051 0.0055 | 0.0004 { 0.0001 0.
8 0.9606 | 0.0079 } 0.0078 | 0.0074 | 0.0011 0.0003 0.0002
9 0.9583 | 0.1583 | 0.0643 | 0.0964 | 0.0794 0.0927
10 0.8149 0.0139 | 0.0155 0.0149 0.0184
11 0.8952 | 0.8833 | 0.9052 | (.8886
12 0.0032 0.0001 0.0001

13 0. 1]

14 0
K01 —2.9375 | -2.9796 | -2.7464 | -2.6971 | —1.7890 | —1.0448 | -0.9110
1%33 —2.3287 | -2.4012 | —2.1939 | —2.1819 | —0.5875 | -0.1011 | -0.0948
H.50 -2.0855 | -2.1720 | -1.9473 | -1.9664 | -0.1136 | 0.2923 0.2431
B.1s -1.8399 | -1.9419 | -1.6270 | -1.7358 | 0.3684 | 0.6907 0.5844
B.99 -0.8312 | -1.2333 | 0.8723 | 0.2637 1.5813 1.6683 1.4259
i -2.0694 | -2.1617 | -1.7315 | -1.9184 | —0.1085 | 0.2968 0.2463
/2 | 03830 | 0.3652| 0.7782 | 0.4364 | 0.8368 | 0.5848 | 0.5281

It is of practical and theoretical interest to study the properties of the sampling distribu-
tions of various statistics of interest. From a Bayesian point of view, the Bayes estimators
of the current mean, y,, are optimal as long as the Bayesian model is valid. The question
is, how good and effective are the estimators when the Bayesian model is not necessar-
ily valid. Answers to various such questions can be obtained by appropriate simulation
experiments.

For example, if we consider a detection procedure which flags a warning on the basis of
the stopping time

Npe = first n>2 for which I,y ,(X™) < TI*, (4.1)

it would be of interest to estimate the probability distribution of (Np. — J), where J
is the actual (random) epoch of change. This probability distribution depends on the
parameters of the process and on the constants we use in the detection procedure.




164 S.Zacks et al.

Table 4.2.
Posterior Probabilities IIj;(X(")) and Posterior Fractiles, Means
and Standard Deviations of y; (i = 7,...,13), Based on the
Simulated Sequence SIM2. Change Point at i = 11.

P 7 8 9 10 11 12 13
X;
\ 1.483 | 0.959 1.057 1.419 | 2.614 | 0.046 1.626
J
1 0.0197 | 0.0187 | 0.0181 | 0.0183 | 0.0203 | 0.0185 | 0.0191
2 0.0286 { 0.0229 | 0.0200 | 0.0200 | 0.0268 | 0.0192 | 0.0203
3 0.0206 | 0.0144 | 0.0177 | 0.0115 | 0.0168 | 0.0106 | 0.0112
4 0.0069 | 0.0049 | 0.0041 | 0.0040 | 0.0054 | 0.0036 | 0.0038
5 0.0030 | 0.0025 | 0.0023 | 0.0022 | 0.0022 | 0.0020 | 0.0020
6 0.0083 | 0.0041 | 0.0030 | 0.0027 | 0.0039 | 0.0023 | 0.0024
7 0.0059 | 0.0031 | 0.0024 { 0.0021 | 0.0022 | 0.0018 | 0.0017
8 0.9070 | 0.0048 | 0.0030 | 0.0023 | 0.0023 | 0.0018 | 0.0017
9 0.9246 | 0.0047 | 0.0029 | 0.0039 { 0.0019 | 0.0018
10 0.9310 { 0.0055 | 0.0098 | 0.0024 | 0.0022
11 0.9286 | 0.0341 { 0.0030 | 0.0025
12 0.8724 { 0.0081 | 0.0030
13 0.9249 | 0.0065
14 0.9219

#.01 0.5112 | 0.5142 | 0.5290 | 0.5760 | 0.6537 | 0.6240 | 0.6822
125 1.1147 | 1.0802 | 1.0654 | 1.0886 | 1.2105 | 1.1094 | 1.1416
#.50 1.3620 | 1.3107 | 1.2831 | 1.2962 | 1.4162 | 1.3007 | 1.3258
urs 1.6154 | 1.5442 | 1.5029 | 1.5059 | 1.6270 | 1.4933 | 1.5118
oo | 2.3380 | 2.1641 | 2.0771 | 2.0607 | 2.4834 | 2.0004 | 2.0148
i 1.3710 | 1.3149 | 1.2861 | 1.2995 | 1.4293 | 1.3024 | 1.3291

vH? | 0.3829 | 0.3502 | 0.3296 | 0.3161 | 0.3544 | 0.2931 | 0.2839

In Section 4.2 we present results of simulation analysis, in which the parameters of the
detection procedure coincide with those of the process.

In Section 4.3 we present the results of a sensitivity analysis based on simulation, in which
the parameters of the procedure are different from those of the process.

4.2. The Joint Empirical Distribution of (M., N4) and Related Statistics.

We present in the Tables 4.3 to 4.5 the results of a simulation experiment, designed to
study the sampling distribution of Ny~ and of the mode, N4, of the posterior distribution
of J, at the stopping time Np.. The mode N4 provides an estimate of the location of
the shift. To avoid a high proportion of false alarms, in which Ny« < J — 1, we used the
constant II* = .5 for the stopping time (4.1). In the present experiment we consider the

L
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