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Data-analytic aspects of the
Shiryayev—Roberts control chart: surveillance
of a non-homogeneous Poisson process

RON S. KENETT! & MOSHE POLLAK?, 'Keneir—Preminger Associates Lid,
Raanana, Israel and ®Department of Statistics, The Hebrew University of Jerusalem,
Israel

SUMMARY The Shiryayev—-Roberts control chart has been proposed as a powerful
competitor of the Shewhart control chart and the CUSUM procedure, on theoretical
grounds. We demonstrate here the application of a Shiryayev—Roberts control chart to a
non-homogeneous Poisson process. We show that, from a data-analytic point of view, the
Shiryayev—Roberts surveillance scheme has several advantages over classical CUSUM
charts. A case study of power failure times tn a computer centre is used to illustrate our
main points.

1 Introduction

The data in Table 1 are times (measured in days) between computer crashes that
resulted from power failures, as experienced by a computer centre over a period of
2.3 years. After a crash, the computers are made operational with an ‘initial
program load’, and so we will refer to the data as the IPL data set.

TaBLE 1. Number of days between computer crashes that result from power failure at a computer
centre

32 10 74 20 5 5 3 4 83 27 11 175 16 11
15 15 121 32 1 22 5 4 53 16 37 3 1
11 1 1 11

The table is read from left to right.
Power failures are potentially very harmful. A computer centre might be able to
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tolerate them when they are far enough apart. However, if they become too
frequent, one might complain to the power company or decide to invest in an
uninterruptable power supply (UPS). The IPL data set was originally analyzed in
a UPS cost—benefit study (Kenett, 1981).

Post facto, it seems intuitively clear that, at the end of the period described in
Table 1, computer crashes resulting from power failures are more frequent than
during the first part of the observation period. Is the variability in failure rates a
result of chance alone (common causes) or can it be attributed to special causes
that should be investigated? Let us suppose that what the computer centre can
tolerate is, at most, an average of one power failure in 3 weeks (21 days). Should
the whole sequence described in Table 1 have been observed before deciding that
the intensity of power failures has become intolerable? Could this decision have
been made earlier? Alternatively, should one wait a little longer before declaring
that a change has occurred and see how things develop?

We propose to regard the sequence of power failures as being genecrated by a
non-homogeneous Poisson process with unknown intensity 0(z). As long as
0(1) =1/21, things are considered to be normal. If 0(r) exceeds 1/21, then the
process is considered to be out of control, with special causes affecting the failure
intensity level. One may then demand action to bring the process back in control.

Several previous studies handled the problem of identifying changes in failure
intensities by postulating a model on 0(z) (see Cox & Lewis, 1966; Jelinski &
Moranda, 1972; Littlewood & Verrall, 1973; Zacks, 1991). Here, we approach the
problem differently. We regard the problem in the context of classical surveillance,
amenable to control chart technology. No assumptions are made about the
structure of 6(z).

We monitor the level of 6(¢) by employing a Shiryayev—Roberts (SR) control
chart. In the following sections, we briefly review classical surveillance methods
and present in detail the less well-known SR scheme. We survey published results
that suggest that the SR scheme is at least as efficient as the better-known classical
procedures. Moreover, we show that the SR control charts have certain technical
advantages over CUSUM and Shewhart charts. We then apply the SR approach
to the IPL data of Table 1, pointing out additional, data-analytic advantages of the
SR control chart. The terms ‘surveillance scheme’, ‘statistical process control’ and
‘process monitoring’ are used here interchangeably.

2 Basic concepts and notation

The classical change-point problem deals with monitoring a process {X,},
n=1,2,..., for a change in distribution. The process {X,} is observed sequen-
tially; the initial observations have a certain distribution, which may change to
another distribution at an unknown point in time, say z. One is interested in
detecting such a change quickly, subject to a constraint on false alarms. The
problem arises naturally in an industrial context, where the object being monitored
is a machine, the quality of whose output is being controlled. The products of the
machine yield observations X,, for which the distribution changes if quality
deteriorates or improves. Applications are abundant in a variety of other fields,
such as public health (surveillance of congenital malformations, for example),
finance (monitoring the stock market), environment (monitoring for changes in
pollution level, rainfall, etc.)—wherever surveillance is called for.

Formally, we will let P, denote the distribution of the process {X,} when the
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first observation after a change is at time v. The distribution of {X,} when there
is no change will be denoted by P., and E, will denote the expectation under P,.
A surveillance scheme is essentially a stopping time N with respect to the sequence
{X.,}, at which one stops and declares a change to have taken place. N is a random
variable, dependent only on observations past to present (inclusive). The standard
constraint on false alarms is

E.N=B (1)

where E .. N is the average run length (ARL) to false alarm and B reflects the user
acceptable ARL. The speed of detection of a surveillance scheme is usually
characterized by the average delay from the time of change v to the time of
detection N. A formal expression for the average delay (ADEL) is

ADEL = sup; =y« - E,[N— (v — 1) IN= 7] 2)

For example, consider the classical two-sided 3¢-limit Shewhart scheme for
detecting a change in the mean of a normal distribution. Here,
N=min {nl| |X,— pol =30}, where uo is the in-control mean and ¢ is the
standard deviation. Clearly, if there never is a change, then N is a geometrically
distributed random variable with parameter p= 2[1 — ®(3)]. Hence, E.N=1/
[2(1 — ®(3))] = 370. Analogously, for the one-sided 30-limit Shewhart scheme
for detecting an increase in the mean of a normal distribution,
N=min {n|X,— =3¢} and N is geometrically distributed with p=1—®(3)
(when v= «), so that E.N=1/[1 — ®(3)] =~ 740. The average delay, as in cqua-
tion (2), can be calculated in a similar manner. For example, for the two-sided
3¢-limit Shewhart scheme, if the true change is from a mean pup to a mean
(1o + @), then the average delay is ADEL = 1/[®(—4) + 1 — ©(2)] =~ 44.

The classical change-point problem deals with the case where the X, terms are
independent, having density fy before a change and density f; afterwards. The
assumption is that f is known. If f; is unknown (as it is in almost all applications),
then classical change-point methodology essentially calls for choosing an f; value
that is representative of possible or likely post-change distributions. The celebrated
CUSUM scheme can be shown (Lorden, 1971) to have representation as a
maximum likelihood technique for appropriate choice of f; as follows.

Let fi)(x1, . . .5 X,) be the joint density of X, ..., X, under P, i.e.

Joy&n s x0) =foleD)folxa) .. foXo- D1 (o) - . . f1(X0)
With this notation, the simple CUSUM scheme uses the statistic
max; =p=nfe) (X1s - - o s XMy (X1s - .. X0)
=maxi=r=af1 (X1 Xiv 1) . . LX) [foXe+1) - . . fo(X2)]

and declares at

(3

Ma=min {7 maxi =z=nfey (X1 -+« » X)lfirs(X1s« o s Xn) = A} (4)

that a change has occurred.
Recently, there has been renewed interest in the SR approach. This method uses
the statistic

Rn: 2 f(k](XlJ LY 3Xn)
kftlf(I)(Xls ... an)

(5)
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and declares at
Na=min {n|R,=A4} (6)
that a change is in effect (cf. Shiryayev, 1963a; Roberts, 1966).

3 Comparison of surveillance schemes—a review

The most popular and, apparently, the easiest surveillance scheme to apply is the
Shewhart control chart. The disadvantage of the Shewhart control scheme is that
it is not sensitive to small or medium-sized changes. CUSUM schemes were
invented to overcome this difficulty (Page, 1954).

CUSUM schemes possess optimality properties (Lorden, 1971; Moustakides,
1986; Ritov, 1990). It can be shown that, if B is large and the post-change
distribution is fj, then

ADEL = (log B)/E... log F‘@}

Fo(X)
when the observations are independent. For example, if B = 370, the observations
are normal and the change is a shift in the mean by one standard deviation, then
this expression for ADEL is approximately equal to 10. (It should be recalled that,
for the corresponding Shewhart scheme, ADEL = 44.)

SR schemes have also been shown to possess optimality properties (Pollak,
1985; Yakir, 1994). In terms of speed of detection, the CUSUM and SR schemes
are generally comparable (Shiryayev, 1963b; Roberts, 1966; Pollak & Siegmund,
1985, 1991; Mevorach & Pollak, 1991).

The main advantage of the SR over the CUSUM method is in the relative ease
of its application under minimal asumptions. To demonstrate this advantage, we
compare the properties of M4 and N, that correspond to the stopping times under
the CUSUM and SR schemes respectively. To obtain the levels of 4 in both
schemes set to satisfy equation (1), the expectations E.-M, and E.N,4 must be
computed, or at least approximated. Evaluation of E.M, is possible when the
observations are independent, so that the sequence of CUSUM statistics forms a
Markov chain. The Markov property is lost when the observations are not
independent. In contrast, the SR approach does not require the observations to be
independent.

To demonstrate the importance of this, consider surveillance for a change of a
normal mean when the initial mean and the standard deviation are unknown.
Since f; is unknown, none of the classical schemes—neither Shewhart, CUSUM
nor SR—can be applied directly to the sequence {X,}. In practice, one may try to
obtain a learning sample to estimate the nuisance parameters. However, because
of the extreme sensitivity of these schemes to misspecification of parameters (see
van Dobben de Bruyn, 1968, Section 2.3), the learning sample must be very large
for the schemes to be valid and/or efficient. To circumvent this, define
Y, =(X;,— X)/(X,—X,) fori=3,4,5, ..., and base the surveillance scheme on
the sequence {Y,}. Subtracting X, from X, eliminates the problem of the
unknown initial mean, and dividing by (X, — X)) gets rid of the unknown standard
deviation (assuming v = 3). Hence, f(~) of the {Y,} process is known. In principle,
this should be enough to evaluate E .M, and E..N4. However, there is a price paid
for getting rid of the nuisance parameters: the Y; terms are dependent. For the
CUSUM approach, this causes a serious difficulty. However, for the SR method,
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as we shall now show, it does not. A complete working out of the normal mean
problem is presented in Pollak and Siegmund (1991) and Croarkin ez al. (1993).
For non-parametric surveillance problems handled by a similar approach, see
Gordon and Pollak (1990, 1994, 1995) and Bell ez al. (1994).

Evaluation of E .. N4 relies on a martingale argument that is valid even when the
observations are dependent. Let

A n=fey X oo s Xo)lf oy X1 005 X0)

Under P.., every likelihood ratio sequence {Ag,.},n=1,2,..., is a martingale
with unit expectation. Therefore, we have that

Ry=n=2 (A= 1)
k=1

is a martingale with zero expectation. By the optional sampling theorem,
E.(Rn,— N4)=0. Hence, ExN4=E.Ry,. By its definition, Rx,=4, so that
E.N4=A. Since Ny is the first time that R, exceeds A, the excess is typically not
great, so that setting 4 =B yields a moderately conservative procedure that
satisfies equation (1). Often, the existence of a constant C>1 such that
E..N4=~ CA can be shown and its value computed (Pollak, 1987), so that A = B/C.
(None the less, there is a way to handle the CUSUM problem with nuisance
parameters (see Siegmund & Venkatraman, 1995).)

To summarize, the SR approach generally detects a change as fast as the
CUSUM method and, in problems with a complicated parameter structure, it is
often easier to apply. For this reason, data-analytic aspects of the SR methodology
merit attention.

In the next sections, we describe aspects of the SR approach in the context of
the surveillance of a non-homogeneous Poisson process. We find that, from a
data-analytic perspective, the SR control scheme enjoys certain advantages over
the CUSUM approach. Such advantages, although detailed here for the surveil-
lance of a non-homogeneous Poisson process, hold for surveillance problems in
general.

4 SR surveillance of a non-homogeneous Poisson process: theoretical
details

Consider a situation where one observes a non-homogeneous Poisson process with
unknown intensity 0(z). While the precise value of 6(z) and even its functional
form are not always of dircct interest, it may be meaningful to know whether or
not (z) has surpassed a certain level. For example, the chronological sequence of
defective items in the output of an industrial process or time between failures (such
as the IPL data of Table 1) can often be viewed as a non-homogeneous Poisson
process. If the intensity exceeds a certain level (1/21 in Section 1), then the process
is considered to be out of control. In another example, the series of software
failures (or ‘bugs’) encountered in developing a software program can be regarded
as a non-homogeneous Poisson process (see, for instance, Kenett & Pollak, 1986).
The intensity of software failures changes as a result of debugging attempts. One
is interested in knowing when the program is ‘reasonably good’, so that it can be
released for operational use—something which can be formulated as a low enough
level of 0(z). Thus, the fact that 0(z) is too large or too small has significance. One
may want to stop the process and bring it under control or, when this is not
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possible—such as when conducting a surveillance of congenital malformations in
newborn infants—one may want to start an investigation or take other action.

Suppose that 0 <wy < « is a value of particular interest, in the sense that, after
0(t) crosses wp, one should be made aware of this as quickly as possible. Suppose
that this occurs at an unknown time 0 <. We will consider two cases:

Case (1) : 0(1) = wy, for 0=:<w
Case (ii):  0(r) = wy, for 0=:<vo

In both cases, wy is assumed to be known and v unknown. Case (i) corresponds
to surveillance for an increase in the output of defectives in an industrial process.
Case (ii) corresponds to a reliability growth problem, such as that associated with
improving a software program.

The problem being considered is one of continuous time. To set up SR
schemes, we follow the discrete time analog of the problem, as described in
Sections 2 and 3. We construct schemes where a value w is set to represent the
intensity of the process after a change occurs. Practical methods for choosing w
will be discussed in the next section. Meanwhile, it suffices to say that w > wp in
Case (i) and w<wy in Case (ii).

Intuitively, discrimination between pre-change and post-change situations will
be most difficult if 6(z) = w, before the change, instead of 6(z) < w, in Case (i) and
0(t) = wy in Case (ii). Therefore, we construct the surveillance schemes with this
more difficult case in mind. In other words, the SR schemes will be designed with
an equality in equation (1) if 0(z) = w, before the change. Thus, if 0(z) is not
identically equal to w, before the change, then equation (1) will be satisfied with
an inequality. A formal proof of this is given in Appendix B. To summarize, the
(simple) SR scheme will be constructed for the case where 0(z) =wy for 0 <1<
and 0(r) = w for v =1 < . However, the scheme may be legitimately applied even
if this is not the exact structure of 0(z).

Let X, X + X,, X, + X» + X3, ... be the jump times of the process. Then, let

n 0

n(t) = max{n In=0, > X;= z}, where >, X;=0

i=1 i=1

To set up a SR procedure, one first has to compute A, ,, i.e. the ratio of the
likelihood of the process observed until time ¢ when v = s, to the likelihood when
v= o,

Consider first the denominator of A,,, which is the likelihood of
X, X +Xs...,, 379 X,,n(t) when v=. This is the joint density of
X1, X2, ..., X, multiplied by the probability that the last (z— 2% X;) time
units elapsed without a failure, which is

n(t)
wo exp( — woX1) wo exp( — woX2) . .. wo exp( — on,,(t>)exp[ — ot — 2 X{)]

i=1

= wiPexp( — wot)

Likewise, the numerator of A, ; is the product of the P.. (likelihood of the process
observed in [0, s)) multiplied by the P, (likelihood of the process observed in [s, 1)),
which is (by similar considerations) given by

wiOexp( — wos)w"® " "Cexp[ — w(t — 5)]

Hence, we have




Aspects of Shiryayev—Roberts control chart 131

PAVCREIO)

A= (2 expltan = w50
Wo/

In discrete time, R, of equation (5) was obtained by summing A, , over k. The

analog in continuous time is obtained by integrating A;; over s. We denote the

analogous statistic by R, (z) = o/ A, . ds. A straightforward calculation yields (see

Appendix A)

Rw(z):i{ %o (E)n@exp{(wo—w)z]

wo LWy — W \Wo
n(@) n()—j 7
w Wo
+ (—) exp[(w —w)(z— X')]— }
]21 Wo ° iZI ' Wo—w

By analogy to equation (6), we set
Ty, =min {t| R,(t)=A}

To implement these procedures, an evaluation of E. Ty, , is required. This will
provide a choice of A4 that satisfies equation (1). The numerical algorithms for this
procedure are supplied in Theorem 1 below, the proof of which is outlined in
Appendix B.

Theorem 1

i) If 0(r) =<wyp for all t=0, then
EoT4 w=E.(T4,,10() =w, for all 1=0)
For all 4> 0, we have
E.Ta >4
E (T, |0(@) =w; for all 1=0)=AC,[1+0(1)]
where 0(1) >0 as A > and

_ wlog(w/wo) — w + wo

Y w— wy — wo log(w/wo)

(i) If 0@) =wo for all 1=0, then
EDC T4,wZA

with equality holding if (and essentially only if) 0(z) = w, for all =0.

Basically, Theorem 1 states that setting A = B always causes equation (1) to be
satisfied, although the inequality may be sharp in Case (i), making the procedure
somewhat conservative. One can be less conservative when B is not small, by
setting A = B/C, where C is a constant given in Theorem 1 (C= C,, in Case (i) and
C=1 in Case (ii)).

5 SR surveillance of a non-homogeneous Poisson process: practical
considerations

Consider the classical change-point problem described in Section 1. Obviously, if
the post-change density is known, then this known value should be the ‘represen-
tative f1°. If it is not known, then one can specify a representative f; and employ
a SR stopping rule. A typical SR control chart form is shown in Fig. 1.

When monitoring a non-homogeneous Poisson process, the statistics R, (z) are
charted as a function of time z. As long as R, (¢) remains below A4, no alarm is
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R+

time

Fi1G. 1. Typical SR control chart.

raised and monitoring is continued. An alarm is raised the first time that R, (1)
crosses A. The following example will illustrate some of the intricacies involved in
the choice of w.

Consider the IPL data of Table 1. Returning to the scenario of Section 1, we
take o = 1/21. What should = be? (Recall that o is set before viewing the sequence
of observations, so that Table 1 cannot be used to choose w.) If there is previous
experience with power failures, it may be used to choose w. If not—as in our
case—then one can set w as a typical value of the conjectured post-change values
of 8(z). Alternatively, we can set = such that, if 6(z) reaches w, then we would
clearly want to raise an alarm. (For example, 2 = (1.1)/21 may not be a good
choice, because the limit of one power failure in 3 weeks is not greatly exceeded.)
For a first example, take w = 2/21. (This means that the power failure rate is two
in 3 weeks—double the maximum acceptable rate.) The graph of Ryp»(z) is
charted in Fig. 2. By Theorem 1, C; = 1.259. Therefore, to satisfy equation (1)
with B =370, one may take A = B/1.259 = 294; for B =740, take A = 588. Here,
T588,2/21 = 154 and Tsss, 221 = 823. Clearly, the relatively frequent failures between
t=141 and = 158 are not detected as an out-of-control state when B = 740,
although an alarm would be raised (at t= 154) for B = 370.

The value of Ry1(z) at 1= 158 is R22:(158) = 509.1. This means that the largest
value of B that would cause an alarm to be raised at =158 is
509.1 X 1.259 = 641. In other words, a scheme with an ARL to false alarm of 641
days would still have raised an alarm at = 158. Thus, the value 641 plays a role
analogous to a P-value in hypothesis testing.

The same can be carried out for any other z. The value of the highest B that
would still have caused an alarm to be raised at ¢ is 1.259R5,(¢). In other words,
the height of Ry»1(¢) (up to a multiplicative constant) has a meaning analogous to
that of a P-value. As another example, let us consider R,/,;(835) =2080.6. The B
value—the highest value of B that would have caused an alarm to be raised at
835—is 1.259 X 2080.6 = 2607. Clearly, at t= 835, the evidence that the process
has gone out of control by 1= 835 is considerably stronger than the evidence at
t=158 (that the process has gone out of control by = 158). The data-analytic
interpretation of the height of the SR statistic is unique to the SR scheme; for the
CUSUM method, the value of the threshold A4 that corresponds to B (such that
one has equality in equation (1)) is not linear in B, making a naked-eye interpret-
ation of the present height of the control statistic more difficult.



















