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Appraisal of ceramic substrates by multivariate tolerance regions
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Abstract. Determination of standards or norms and checking conformance to these standards in terms
of both location and spread is a central issue in process control procedures. New observations are
tested against such standards in order to determine if they are being met. In this work we apply and
expand a methodology based on multivariate tolerance regions to lots of ceramic substrates used in the
microelectronics industry. The method provides the appraiser with both graphical and numerical tools
which include objective criteria for process control decision making.

Introduction

The case study presented in this article is an analysis of physical dimensions of
ceramic substrate plates used in the microelectronics industry. Several measurements
are taken on individual substrates in order to decide whether the plates conform to an
accepted standard and can be used in the production line. The plates arrive in batches
and a decision-making process has to determine the conformance to standards of the
individual plates and of the batches.

The determination of standards or norms is a central issue in quality control
procedures (e.g. Eisenhart ef al., 1947; Leurgans, 1978; Fuchs & Kenett, 1987). The
norms can be derived from a process capability study. The resulting sample provides a
reference basis to which new observation are compared. Based on the values of all the
measured variables it is decided (with prespecified margins of error) whether the new
observation originates from a target reference population. The formulation of the
process control problem in terms of multiple variables is very common. However,
even when it is recognised that there are several dimensions the procedures applied
are often univariate on key characteristics. Also common is the application of a series
of univariate tests performed either simultaneously or in a stepwise fashion. The loss
of information in the first case and the difficulty to assess the probability of error in
the second are obvious. Another common method is to use data on all the variables to
test the hypothesis of equality of means when in fact the question of interest is
whether the tested observation belongs to the target population. An equivalent
formulation of the latter question is to define a region covered by the target standard
population and to test whether the new observation is contained in that region.
Formally this defines a tolerance region for which we can assert with probability J that
it contains at least a proportion P of the population of interest.

The approach in this case study relies on multivariate tolerance regions with special
attention devoted to the batch structure of the ceramic substrates. The product and
manufacturing steps are described in the next section. Subsequent sections present the
process control procedures and their application to our case study. We conclude with a
discussion of the results.
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Description of the substrates and of the manufacturing flow

Raw materials used in the manufacturing of hybrid microcircuits consist of compo-
nents, dyes, pastes and ceramic substrates. The substrate plates undergo a process of
printing and firing during which layers of conductors, dielectric, resistors and plati-
num or gold are added to the plates. Subsequent production steps consist of laser
trimming, components mounting and reflow soldering or chip enwire bonding. The
last manufacturing stage is the packaging and sealing of completed modules.

A set of identical modules are manufactured simultaneously on one substrate plate.
The modules are separated before final packaging along lines inscribed on the sub-
strate in a laser inscribing process. Exact positioning and dimensions of these lines
determine, to a large extent the success of the printing and components mounting
operations. Substrates come in batches of about 100 items. The sampling scheme used
is MIL-STD-105D with an AQL of 1% yielding a sample size of 13 and acceptance
criterion of 0 under inspection level II and normal inspection. The 13 items sampled
are not only tested on a go/no go basis but actual measurements are recorded. Because
of the variety of modules manufactured specifications of the substrate dimensions vary
from batch to batch in nominal target values but not in specifications width. In this
case study we shall use deviations of the actual measurements from the center of the
specifications. This normalisation enables us to treat all batches on a uniform basis.
The assumption made here is that there are no location effects. An early study of this
issue validated this assumption.

Five dimensions are considered here, with labels (a, b, ¢), (W, L) (see Fig. 1). The
first three are determined by the laser inscribing process. The last two are outer
physical dimensions. These outer dimensions are measured on a different instrument
than the first three, using a different sample of substrates. The two sets of measure-
ments have in common the batch affiliation.

Fig. 1. Ceramic substrate layout.

There are two possible outcomes to the decision process: accept the batch as is or
reject the batch and start a 100% screening of substrates. The need for this decision
process comes from our lack of confidence in the stability of the substrate manufactur-
ing process. During screening, we have to decide for each item whether it meets our
standard or has to be scrapped. In the sampling mode we want to reach a decision
(accept or screen) as soon as possible. Therefore a curtailed inspection scheme should
be used. The invocation of MIL-STD-105D is due to a contractual requirement. The
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standard used in our analysis consists of measurements on a prototype batch of
substrates which, when used in the subsequent manufacturing stages, proved to be of
good quality in that, that later no problems related to physical dimensions surfaced.
From this ‘reference sample’ we determined standard achievable dimensions including
the correlation structure between the measured variables.

Multivariate tolerance regions of individual and grouped data

Let X, ..., X, be a ‘reference sample’ of ceramic substrates as defined above. We
assume that the sample is composed of n independent and identically distributed
observations from a multivariate normal distribution of dimension ¢ with unknown
mean u and covariance matrix X. The dimension ¢ is 3 when we study the (a, b, ¢)
measurements and 2 for the (W, L) measurements. Critical values for (P, §)-tolerance
regions can be obtained from John (1962). Tolerance regions have been applied by
Fuchs & Kenett (1987) to several multivariate quality control examples with reference
samples. In this case study we encounter several specific problems which did not occur
in the examples analysed in the latter article. First, the reference sample is relatively
small and therefore the adequacy of the large sample approximation presented in
Fuchs & Kenett (1987) has to be tested. Secondly, the fact that the data are grouped
requires decision making both at the level of individual observations as well as for
entire batches. Finally, we address the question of curtailed inspection which can save
considerable effort, as illustrated in our case study.

Let X, be the value of the i variable for the /™ observation and S the empirical
covariance matrix with elements sy, i.e.

5= 2 (Xa= X)X =X/ (n = 1).

__The means X, YJ are the /™ and /* elements, respectively, of the sample mean vector
X=(X,,...X,). It has been shown by John (1962) that if we ignore terms of order two
in (1/n) the tolerance region can be defined by the Y-vectors satisfying the inequality

(Y—XYS-\(Y—X)=<k, (1

where k is a function of the prespecified (P, d) and of the dimensionality of the
problem (g). The left hand side of (1) is the Mahalanobis (squared) distance. The
critical value k is defined as follows: Let g(¢, f, m) be the ¢* percentile of the non-
central chi-squared distribution with m degrees of freedom and parameter of noncen-
trality /. As a special case g(¢, 0, m) is the ¢" percentile of the central chi-squared
distribution, i.c.

Pr(x%=g(9, 0, m))=¢ (2)
The critical value k is given by
k=g(P, 4/2n, gn—1)q/g(1—4, 0, (n—1)g) (3)

For a given sample size, the tolerance limits k can be computed for each combina-
tion of (P, d)-values. Those limits can be drawn on multivariate control charts of the
Mahalanobis distances from the observations to the reference sample. When the
sample size is relatively large (say, over 50) and the number of attributes is moderate
(g<7) it has been shown in Fuchs & Kenett (1987) that the use of the inverse of the
central chi-square distribution in the numerator of (3) yields adequate approxima-
tions. Using that approximations the critical value & is given by:
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ko=8(P, 0, g)(n—1)q/g(1—46, 0, (n—1)g) 4)

which is much easier to calculate. However, in our case, the reference sample size is
relatively small (n=13) and it is important to study the adequacy of the approxima-
tions for such cases as well. Table 1 presents both exact and approximate results for
our case (i.e. n=13 and g=3). We note that since in the second case of our study the
parameter of non-centrality is smaller, the performance of the approximation with
n=13 and g=2 will be better than that presented in Table 1.

Table 1. (r=13, g=3)

P J k ko Po:(; ao:P

0-60 0-90 4296 4136 0-582 0-782
0-60 0-95 4-735 4-559 0-582 0934
0-70 0-90 5:343 5-146 0-683 0-872
0-70 0-95 5-890 5672 0-683 0934
0-90 0-90 9-114 8-778 0-889 0-873
0-90 0-95 10-045 9-675 0-889 0-934
0-95 0-90 11-395 10-974 0-943 0-872
0-95 0-95 12-560 12-:096 0-943 0-934

The critical values (exact and approximated) are in columns k and k,, respectively.
The effect of the approximation on the two probabilities are illustrated in the last two
columns. Column P,:d contains the actual proportion of coverage obtained by the use
of ko with ¢ fixed at its postulated value. For example, when P=0-90 and 6=0-95 the
exact and approximate critical values are 10-045 and 9:675 respectively. The use of
ko=9-675 corresponds to a region for which we can assert with probability 0-95 that
the coverage is 0-889 (instead of the postulated 0-90 attained with the exact
k=10-045). Similarly from column &;:P we read that for the same k, the actual
confidence level is 0-934 (instead of the postulated 0-95). We observe that the
differences between P and P,:d vary from 0:018 (for P=0-6) to 0-007 (for P=0-95).
Similarly the differences between ¢ and d,: P vary from 0.034 (for 6=0-8) to 0-014 (for
0=0-95).

Similar computations are presented in Fuchs & Kenett (1987) for g=6 and n=20,
50, 100, 500. It is interesting to observe that the performance of the approximations
for the small sample size of n=13 with ¢=3 is slightly better than that achieved with
n=20 and ¢g=6. This is not surprising if we notice that the parameter of non-
centrality ¢/2n is larger in the case n=20, g=6. We can thus conclude that even
when the reference sample is small, the use of the approximation is appropriate in
the construction of multivariate tolerance regions in general and in quality control in
particular.

The rejection strategy defined by (1)-(4) above refers to individual observations, i.e.
an observation Y which satisfies (1) is not rejected. Jackson (1985), following Hotelling
(in, Eisenhart et al., 1947), deals with grouped data and presents the multivariate
analog of supplementation of the standard chart for average with a companion chart
for ranges or standard deviations. The two measured are achieved in the multivariate
case by the decomposition of the overall variability computed from the tested group
(T? into two measures of variability M? and D? such that T?=M?+D2 M? is a
measure of the distance between the mean of the group of tested observations and the
mean of the reference sample, while D? is a generalised measure of dispersion of the
group around its own mean.

For a group of m observations Y, i=1, ..., m with mean Y we have
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2= (Y,— XyS-Y(¥,— X)

i=1

m

D= (Y,—Y)yS~'(Y:—T)

i=1
M=m(Y—X)S-(Y—X)

The construction of 72 and its decomposition were presented by Jackson (1985) and
Hotelling (1947) with reference to hypothesis testing and not in the context of
tolerance regions. Jackson (1985) mentions that 72, M? and D? have asymptotic x2
distribution with mygq, g, and (mm—1)g degrees of freedom, respectively. The use of the
asymptotic x2-distribution is equivalent to stating that the reference sample is large
enough such that its covariance matrix (S) closely approximates Z. This approxima-
tion will not hold in general for n=13. Furthermore, as shown in John (1962), Fuchs
& Kenett (1987) and in equations (2)-(4) above, more accurate critical values are not
difficult to obtain.

In addition, the decomposition of T2 can be perceived as a descriptive tool rather
than as an exact testing hypotheses procedure. We propose the use of the two ratios:

L=M¥T?
and
1,=D¥T?

as indices for detecting whether the overall variability is mainly due to the distances
between means of the tested group and those of the reference sample, or to variability
within the tested group. When no source of variability supersedes significantly the
other, the two indices should be approximately of the same order of magnitude.

The direct application of the multivariate quality control methods presented above
to grouped data requires the inspection of the entire group. However, a complete
inspection may be wasteful when inspection of the first items suffices to reject the
tested batch. A stopping rule for curtailed inspection is presented below.

Let Y, ..., Y, be the tested group. The curtailed inspection technique is based on
the inverse of the negative binomial distribution. The m observations are tested
sequentially. Define Z,=1 if the Mahalanobis distance of the i-th tested observation is
greater than k and Z;=0 otherwise. We assume that the observations are independent.
The critical value k defines a region which covers a proportion P of the standard
population (with probability §). Let us define the null hypothesis to state that:

Pr (Z,=0)=P.

Let « be a prespecified significance level for testing the null hypothesis. For each j=m,
let R()) be the first observation such that:

RO

Pr( zz,.sj) >aq, ()

namely, if at the R(j)-th observation we observed the j-th value of Z=1 we curtail the
inspection and declare that the proportion of coverage is less than P. The probability
in (5) defines the negative binomial distribution and R(j) is computed from its inverse.
Although a table of R(j) can be computed for each 1<j=<m, in practice we need only
compute the function for j<j,<m, where j, is the minimal value for which
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Pr( 1212,.510) >a, ©

The value j, defines the minimal number of individual rejections (out of »1) for which
we reject the null hypothesis. We would thus certainly reject the null hypothesis if we
observe more rejections and/or if the number of inspected items up to the j, rejection
is less than m. Table 2 presents the R(j) values for m=13, P=0-95 and a=0-05, 0-01,
and 0-001.

Table 2.

a=0-05 a=0-01 «a=0-001

j=2 7 3 -
i=3 13 9 4
=4 13 9
j=3 — — 13

We observe that for the three values of a, jo=3, 4 and 5, respectively. If for example
we adopt a=0-01, we reject the null hypothesis at or before the third observation if
XZ;=2 up to that stage. We reject H, at or before the 9th observation if LZ,=3
(provided that we did not reject it already from the results of the first two or three
observations). Finally, whenever we obtain the fourth value of Z=1, we curtail the
inspection,

Results in the case study

Data on dimensions of several lots of ceramic substrates will be now analysed using
the procedures presented in the previous section. Robustness to normality assump-
tions is discussed in Fuchs & Kenett (1987) and references therein. The substrates are
produced in lots of varying sizes. The first production lot of 13 units (labelled
REFERENCE) proved to be of extremely good quality yielding an overall smooth
production with no scrap and repairs. This first lot was therefore considered a
‘standard’ to be met by all following lots. Any evidence of lots not meeting this
standard should give a signal for action.

The means (with respect to the center of the nominal specifications) and the S-!
matrix of the REFERENCE sample are as shown in Table 3.

Table 3. Reference measurements

a b c
Means (X) —1-000 0-615 0923
S~l-matrix 1-081 0-100 —0-432

0-100 1-336 0-063
—0-432 0-063 2:620

w L
Means (X) 0-000 0-000
S~ L-matrix 0-349  —0-095

—=0-095 0-571
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In the first stage of the analysis distances from REFERENCE are to be computed for
individual observations. The computation of the Mahalanobis distance is illustrated
with the (a, b, ¢) measurements of first observation of SAMPLE 3. The vector of
measurements was (200, 551, 552) and since the center of the specifications was (200,
550, 550) the Y-vector was (0-000, 1-000, 2-000) yielding

(Y—X)Y=(1-000, 0-385, 1-077)
and
(Y—XyS-Y(Y—X)=3-515.

We now present graphically (in Figs 2-5) the results obtained in the analysis of the
(a, b, ¢) measurements in three subsequent batches of sizes 4, 9, 13 (SAMPLE 30,
SAMPLE 7, SAMPLE 12, respectively). Those particular samples were selected since
the first two of them illustrate some of the problems which the investigator has to be
prepared to encounter in the analysis of field data. SAMPLE 30 has only four
observations on (&, b, ¢) but 13 observations on (W, L). The inspection on (a, b, ¢) has
been curtailed after the fourth observation. The Mahalanobis distances for those four
observations were 4-56, 3282-32, 8-47 and 6618-26 respectively. Next, SAMPLE 7 had
in fact 13 observations but only 9 are presented here. The reason is that the last four
very large distances from the REFERENCE result quite obviously from errors in
recording. More specifically, the first 9 observations are around (200, 550, 550) with a
maximum deviation of =6, while the last four observations are around (250, 550,
550). SAMPLE 12 is a regular sample of 13 observations with no special character-
istics.
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Fig. 2. Multivariate tolerance intervals for (a, b, ¢) measurements (6=0-95, P=0-95).

Fig. 2 presents the Mahalanobis distances computed for each of the 39 units. The
tolerance limit k, corresponding to §=0-95 and P=0-95, is indicated on the plot. We
observe that unlike the units of REFERENCE, the other 26 observations have several
distances exceeding the critical values. The data for each of the attributes separately
(a, b, ¢) are presented in Figs 3-5, respectively, with tolerance limits indicated as in
the multivariate case (6=0-95, P=0-95). (For the computation of univariate tolerance
intervals see, e.g. Eisenhart ef al., 1947; Hald, 1962). In order to produce a figure on a
reasonable scale outlying values were isolated in separate ‘boxes’. In practice such
extreme values should trigger an investigation on the specific units.

A cross check of Fig. 2 with Figs 3-5 indicates how the overall picture presented by
the Mahalanobis distances is affected by the one dimensional values and their
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REFERENCE—»]

SAMPLE 30

Fig. 3. Tolerance intervals for the a-measurements (6=0-95, P=0-95).

correlations. For example the first observation of SAMPLE 12 is on all three dimen-
sions within the 95% tolerance limits of the reference population. However, its
multivariate distance is beyond the 95% critical limit. On the other hand the fourth
observation of SAMPLE 7 lies within the 95% tolerance region although measure ()
exceeds the univariate critical values.

———REFERENCE —>! —SAMPLE 7 —»
SAMPLE 30

Fig. 4. Tolerance intervals for the b-measurements (6=0-95, P=0-95).
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Fig. 5. Tolerance intervals for the c-measurements (6=0-95, P=0-95).
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The results of the analyses performed on the 30 groups of ceramic substrate
measurements are summarised in Tables 4-5. Based on the results on small sample
approximations for k, the Mahalanobis distances are compared to the computed k-
values. The tables also include information on the number of items to be inspected if
we adopted a curtailed inspection technique with a=0-01 and a postulated P=0-95.
The last columns of the tables present the decompositions of the 72-values and the
related indices 7, and I,.

Table 4. Summary results for the (g, b, ¢) measurements. REJ=Number of rejections using k, and
(P=0-95, 6=0-90). C.I=Items inspected using curtailed inspection, a=0-01

SMPL m Means REJ] ClI T2 M? D? I, 1,
REF 13 (—1:0, 0-6, 0-9) 0 13 36-0 0-0 360 000 1-00
1 13 (—2:7,0-4, 0-4) 3 2 468-2 172-0 296-2 037 063
2 13 (2:5, —0-4, 0:2) 10 2 326-6 235-8 90-8 073 027
3 13 (37, 17, 0-5) 10 2 489-3 3732 116:1 076 0-24
4 13 0-0, —0-2, —0-1) 1 13 89-2 688 204 077 023
5 13 (—01, 0-2, 0:3) 0 13 59-3 343 25:0 057 043
6 16 (=27, 1-8, 2-0) 13 2 4381 1540 284-1 035 0-65
7 13 (14-7,2:2, 1-6) 10 3 12045-1 3466-2 85789 029 071
8 13 0-4, —3-2, —4.3) 13 2 3784-4 1315-2 2469-6  0-35 065
9 14 (0-5, 0-4, 1-1) 0 14 68-1 32:2 359 047 053
10 12 (0-7, 1:3, 0-3) 2 12 177-4 72-0 105-4 041 0-59
11 13 (12, 22, 1-0) 6 2 133-8 113-5 203 0-84 016
12 12 (—0-2, 1-6, 0-6) 6 S 345-6 51-4 2943 -~ 0-15 0-85
13 13 (—0-7, —4-8, 1-3) 13 2 687-3 500-8 186-5 073 0-27
14 13 (0-3. 14, 0:7) 5 8 135-8 419 93-8 031 069
16 13 (0-7, 3-0, 1-8) 10 2 197-3 1647 326 083 017
17 13 (0-7, 1-5, 0-9) 3 8 97-9 59-1 38-7 060 040
18 13 (05, 1-1, 0-2) 1 13 77-4 66-6 10-8 0-86 0-14
19 13 17, =06, —0-1) 10 13 277-1 185-6 914 067 033
20 13 (0-0, 0:3, 0-0) 0 13 61-1 54.7 6-3 090 0-10
21 14 (0-6, 1-6, 1-6) 0 14 89-4 62-7 266 0-70 0-30
22 6 (—03,02,03) 0 6 20-5 11-8 87 0-58 042
23 5 (0-0, 0-0, 0-0) 0 5 22-8 22-8 0-0 1-00 0-00
24 4 (—0-3, 0-0, 0-0) 0 4 169 92 7-7 0-54 046
25 13 (0-0, 0-7, 0-7) 0 13 29-8 18-7 11-1 063 0-37
26 4 (0-3, 0-5, 0-5) 0 4 17-2 10-4 6-7 0-61 0-39
27 6 (0-0, 0-8, 0-8) 0 6 15-5 7-7 78  0-50 0-50
29 13 (0-2, —0-2, 0-0) 2 13 89-0 720 1720 0-81 019
30 4 (0-3, —17 3, —12:3) 2 4 9913-6 2861-9 70717 0-29 071

We note from the results presented in the tables that in most cases the non-standard
batches could have been detected in very early stages of the inspection process. In
several of the groups in which there are considerable number of rejections, the first
two inspected items yielded Mahalanobis distances larger than ky—and the inspection
could thus have been curtailed.

We mention in this context that some of the batches deviate considerably from the
reference samples. On the other hand, the 13 (W, L)—observations in SAMPLE 18
and the 5 (a, b, ¢)-observations in SAMPLE 23 were at their respective centres of
specifications. The T?—values in the two cases differ however, since in the reference
samples the means of the (W, L)-measurements were at their centres of specification
while the means of the (a, b, ¢)—measurements deviate from the centres of specifica-
tion.

The indices [, and I, are helpful in identifying sources of variability. We illustrate
the assertion with two examples based on the (W, L) measurements. In SAMPLE 4 we
conclude from the very low value of I, (0-02) that there is almost no variability within
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Table 5. Summary results for the (W, L)-measurements. REJ=Number of rejections using k, and
(P=0-95, 6=0-90). C.I=Items inspected using curtailed inspection, g=0-01

SMPL m Means REJ] Cl1 T2 M? D? I L
REF 13 (0-0, 0-0) 0 13 24-0 0-0 24-0  0-00 1-00
1 13 (13-5, 4-5) 13 2 1082-1 821-9 260-2 076 024
2 13 (13-8, 0-6) 13 2 1113-0 842-5 270-5 076 024
3 13 (16-1, 4-5) 13 2 1300-9 1156-1 144-8 089 0-11
4 13 (4-4, 4-4) 12 2 187:0 182-5 4-5 098 002
5 13 (55, 4-8) L1 5 276-3 239-8 36-5  0-87 0-13
6 14 (16-8, 7:5) 14 2 2666-3 1491-8 1174-5  0-56 0-44
7 13 (10-3, 0-3) 12 3 1112:2 475-2 637-0  0-43  0-57
8 13 (13-5,0-7) 13 2 13253 803-1 5222 0-61 0-39
9 13 (3-2, 3-2) 6 3 113-6 96-1 17.5 0-85 015
10 8 (0-6, 0-6) 0 8 45 1-1 34 024 076
11 5 04, 1-2) 0 5 12-8 39 89 031 069
12 13 (11-3, —6-4) 13 2 15293 1062-1 467-2 069 0-31
13 13 (—4-0, 15-8) 13 2 24387 2095-8 3439 086 0-14
14 13 (92, —5-6) 12 2 1079-4 749-4 3300 0-69 0-31
15 13 (4-1, 3-7) 8 2 181-7 141-6 40-1 078 022
16 13 (0-7, 0-0) 0 13 10-1 2:2 79 022 078
17 13 (%1, —1-5) 12 3 498-6 4228 758 085 015
13 13 (0-0, 0-0) 0 13 -0 0-0 00 — —
19 13 (11-1, 3-1) 11 2 1426-6 550-2 8764 0-39 0-61
20 13 (=03, —=0-7) 0 13 43-1 3-5 396 008 092
21 13 (0-1, 1-2) 1 13 314 11-1 203 035 065
22 13 (—2:0, —2-6) 0 13 62-1 56-0 6-1 090 0-10
23 13 (1-1, 1-2) 0 13 17-4 12-6 48 072 028
24 13 (—0-2,0-5) 0 13 13-7 2-7 11-8 020 0-80
25 13 (0-9, 0-8) 0 13 14-5 73 6-8 0-53 047
26 13 (1-1, 0-8) 0 13 13-8 83 55 060 039
27 6 (1-5,1-3) 0 6 10-4 85 1-9 082 018
28 13 (—359, —43.9) 12 2 38288-2 15025-8 232624 039 061
29 13 (=02, -03) 0 13 9-0 1-1 7-9 012 0-88
30 13 (—0-1, —1-1) 0 13 25-2 8-4 16-8 033 0-67

the sample. The large number of rejections (12 out of 13) indicate an almost constant
bias of the magnitude of the sample means with respect to the reference sample (and,
in this case, also with respect to the centers of specification). On the other hand, in
SAMPLE 20, the variability is almost entirely due to the variability within the sample
with the (W, L)-means being very close to those in the reference sample.

The variability of the (W, L)-measurement in SAMPLE 20 did not suffice to yield
rejections of the individual substrates. In other cases, such as in the (a, b, ¢)-
measurements in SAMPLE 12, the deviations were large enough to generate six
rejections. Further analyses in a similar manner can be performed on the indices of
the other samples.

We note that several measurements differed so drastically from the standard, that
errors in recording is to be suspected. In the presentation of Figs 2-5 we mentioned
the last four (a, b, ¢)}-measurements of SAMPLE 7. Not surprsingly, the resulting 772 is
very large. We suspect errors in recording also in two observations of SAMPLE 30, but
in this case the errors, if at all, occurred at specific measurements (the b-measurement
of the second observation and the c-measurement of the fourth). The 13 (W, L)
observations in SAMPLE 28 yielded a very large 72-value due to large deviations from
the standard. The substrates were found to be smooth and not inscribed and thus no
(a, b, c)-measurements are available. The batch has obviously been rejected. Data on
the (a, b, c)-measurements were also not available for SAMPLE 15.
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Discussion

In most statistical process control applications the problems are inherently multivari-
ate. However, multivariate analyses are not routine in quality control and, as stated in
Jackson (1983), there is a need for more practical tools to handle the multidimensional
case. This case study is an attempt at tackling the multivariate process control
problem using explicitly the correlation structure in the data. A treatment of specifica-
tions setting in terms of multiple attributes was presented in Kenett & Halevy (1984).

The approach taken here leads to the more fundamental question about the
appropriate statistical inference procedure to be used. The controversy on this issue is
still unsettled (Johnstone, 1987). We believe that tolerance regions provide a practical
tool building on the population concept.

The ceramic substrates data analysed here consist of a basic reference sample
derived from a prototype batch produced by engineering under a tight laboratory
environment. Subsequent samples were drawn from batches produced by manufactur-
ing personnel using procedures set by engineering. The analysis presented here shows
problems associated with the initial production stages where assignable causes not
anticipated by engineering emerge. The multivariate tools used in this article helped
smooth up this transition phase by providing a real time picture of discrepancies
between ongoing production and what was achieved in the development laboratory.

In this case study we applied multivariate tolerance regions using central chi-
squared approximation that is both precise and practical. The batch structure of the
data led us to develop a simple curtailed sampling scheme that supplements the
tolerance region concept in a general setting and provides an efficient decision rule.
Practitioners interested in applying these techniques will find that electronic spread-
sheets can make these tools readily available to the workers on the production floor.
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