A Test for Detecting Outlying Cells in the Multinomial

Distribution and Two-Way Contingency Tables
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A test based on the maximum adjusted residual from multinomial
maodels, namely, the 3{ test, is proposed. Sharp bounds on its critical
values are provided for the multinomial case, while for the two-way
table we present conservative critical values. The new test can be
used to test null hypotheses against one- or two-sided alternatives
and to detect outliers simultaneously with the rejection of the null
hypothesis. Under certain aiternatives, the M test is Rsymptotically
more powerful than the chi-squared test.
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1. INTRODUCTION

Chi-squared tests for hypotheses concerning mukti-
nomial and product multinomial distributions are among
the most frequently used in the statistical literature. As
Cochran (1952) pointed out, however, “. . . the test is
commonly used when we do not have a clear cut alter-
native in mind” (p. 323). We focus here on specific
alternatives characterized by the presence of putlying
cells and propose a test that can be used to test null
hypotheses against one- or two-sided slternatives and to
detect, outlying cells snmultaneously with the rejection of
the null hypothesis.

Several methods have been proposed in recent years
for detecting outliers in two-way contingency tables
(Fienberg 1969; Haberman 1973 ; Brown 1974), The last
two authors proposed criteria for detecting outlying
cells that are based on adjusted residuals. Brown's
rmethod (which has been incorporated in the BMDP
computer package) proceeds to the identi’ ali... .
significant cells only after rejection of the null hypothesis
by the chi-squared test and stops when the chi-square
for quasi-independence is nonsignificant.

In this work we propose a new test (the M test) based
on the maximum adjusted residual and previde its
critical values. In some cases this new test is asymptoti-
cally more powerful than the common chi-squared test,
(particularly in the presence of a single outlier), The usc
of the M test may therefore lead to detection of cutlying
cells that would remain unidentified by the methods that
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use the chi-squared test as a stopping rule for detecting
outliers.

A key finding in this study is that the use of the simple
Bonferroni approximation in the multinomial case leads
to sharp critical values for the M test. We could have
incorporated in our title the statement ‘‘Bonferroni wins
again’’ as in Bohrer et al. (1979). Similarly, in 8 review
on the developments in multiple comparisons, Miller
(1977} remarks that ‘‘over the course of the past ten
years | have become even more impressed with the tight-
ness of the (Bonferroni) bound’’ (p. 779).

2, THE M TEST

Let n be a random vector from a multinomial distribu-
tion, n = {ni: 1 <i <kl ~mult (N, p), N =3 n,
20, T_pi=1 We test Ho: p = p® against H,:
p # p'", where p®@ is a prespecified frequency vector.
Under the null hypothesis, n; is asymptotically normally
distributed with mean Np:® and variance

Np®(l — po) .
The adjusted residuals Z; are defined as
ni — Np;®

 (Np@ (1 — piot

Under the nuli hypothesis, Hy: p = p®, the random

vector Z converges in distribution to a vector Z©®

= {Z,™, ..., Z;®), which har a multivariate normal

di= ‘hotien  with sweun 0 and  covarianee matrix
R = (R;j), where

=1, ..,k. (21)

0}y (0) i
w e P for i j

I = p(1 —p,™)
=1 ‘ for i=j.

The proposed M test for two-sided alternatives, at
significance level @, rejects the null hypothesis H, if

max|Z;| > M*,
~here [Prmax|Z:] > M*|Hy} =a . (2.2)

In some ecases the researcher might have a priori
knowledge that the outliers (if any) have positive devia-
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tions from the expected values under Hy. The test for
such one-sided alternatives is to reject Ho when
maxZ; > M.*,

where  PrimaxZ; > M *|Ho} = a . (2.3)
By symmctry, the critical value for detecting negative
outliers is M. * = — M,* and H, is rejected if
minZ; < M_* Note that all the techniques mentioned
in the previous section for detecting outliers in multi-
nomial models test for two-sided alternatives only.

3. COMPUTATION OF CRITICAL VALUES

In this section we find bounds on the critical value M %,
which satisfies

Pr(maxZ;® > M,*} = a. 3.1)

For large samples, M, * can be used as an approx, aate
eritical value for the M test. The bounds on M, are
derived as a corollary to a basic inequality whose Jroof
requires the following two lemmas.

FLemma 1 (Feller 1970, 1V.5):

Let E;, ¢ = 1, ..., k be arbitrary events. Then
X Pr(E) — ¥ Pr(EE)

<
k
<P(UEY ST Pr(R) . (3.2)
i=1 [y

Let E: be the event Z,; > M, * where M * is a positive
constant. Then WUk, E; = maxZ;®. Since the Z,™ are
identically distributed we can define

g=Pc(E), i=1,...,k.
If we use these definitions, (3.2) yields
k# — 3 Pr(E:E;) < Pr(maxZ;™) < kf .

i< i

(3.3)

Lemma 2:

Let E;,,i =1, ..., k and @ be defined as shown before.
Then
k(k — 1)
LPr(EE) £ —¢.

[

(3.4)

The proof of the inequality makes use of the negative
correlations between Z,® and Z,® for ¢ # j. (See Siddk
1968 for a more general discussion of the dependence of
the multivariate normal probabilities on correlaticns,)

Basic Inequality:

Combining Lemmas 1 and 2, we get the inequality :
k(k — 1) .

————8* < Pr(maxZ;® > M,*) < I . {3.5)

i

ke
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Corollary:

The lower and upner bounds on M,* are
k—{k?— ‘ak{k—1)]}
E( -1
respectively, where @(-) is the cumulative standard
normal distribution,
Proof: Let Z have a univariate standard normal

distribution and ¢ = Pr(Z > M,*). We can rewrite
(3.5) as

$ 11—

} q#l{}—m 3.6)
L] El) («- ",

kPr(Z > M,*) — M—T—l—) [Pr(Z > M\MT

< Pr(maxZ;® > M, ") <kPr(Z>M* . (3.7
i

Equating each side of (3.7) with a significance level o,
we obtain by the inverse normal transformation the
upper and the lower bound oh M i

The use of the upper bound alene was suggested by
Kozelka (1956) for the case p,® = 1/k, 1 <i <k In
that work it is shown that the exact values of M,* for
k=3 4,5 N =312 and o = .05 agree with the
values obtained by using the upper bound of the
asymptotic approximation. (Also see David 1970.)

The bounds for the eritical value M * calculated in
the preceding paragraphs refer to the one-sided test for
positive outliers. The critical value for the one-sided
test with negative outliers is — M, *. For the two-sided
tect, an upper bound on M* is obtained by replacing o
by /2 in the upper bound on M, *. A slight improvement
on the upper bound for the two-sided test can be achieved
through an inequality presented in Siddk (1968), namely,

14+ (1 — )t ,
Pr{max|Z:¥| > M*) < ¢ [w—tiz—i)—] (3.8)
‘ ‘

4. EXTENSION TO TWO-WAY TABLES

The M test is easily extended to cover two-way con-
tingency tables with entriesng, 1 =1, ..., F;i=1,...,
J. The adjusted residuals for & I X J table, Z;;, are
defined (Haberman 1974) as

nig — Mgy i/ N
[nang; (N — no) (N — ny)/N7JE
"»I; j=1)"‘l‘]1

‘“- -_— oo
N="_n;, ny=22n;, Ry o= 3 Ny
[ i

“.1n

Z,‘,‘ =

Define pi; = E{(ri;/N). Then the M tost for testing the
hypothesis of independence, Ho: pi; = piypy; versus Hy:
Pij = PisPyry, rejects Hy at a level a if
max|Z:;| > M*,

i
Pr(max{Z;| > M*|Hy) = . (4.2)

8.5

where
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When positive residuals are of interest the test rejects
H,if
maxZ > M,*,

i

Pr(maxZ;; > M, *|Hy) = a . (4.3)

where
Similarly, for negative residuals we reject Hg if

minZ; < M_*= — M_*.

+.r
Testing one-sided alternatives might reflect particular
interest in detecting cells exhibiting positive (negative)
association,

An upper bound on M.* is & '(1 — (a/k)), the
Bonferroni bound, where k = IJ. Lemma 2 in Section 3
does not hold here, however, because not all residuals
in & two-way table are negatively correlated. To derive
lower bounds for the critical values of the M test in this
case we therefore have to rely on inequality (3.3) and
solve for M, *:

kPr{A) - L Pr(dAy) = a ,

<

(4.4)

where A, is the event Z;; > M * following the vectoriza-
tion of the matrix Z. If we use tables for the bivariate
normal distribution (National Bureau of Standards
1959} for each of the correlations among pairs of residuals

(see Haberman 1974, Ch. 4.3 for a derivation of the

mathematical structure of the correlation matrices),
eritical values satislying (4.4) can be found by trial and
error or any other interpolation procedure. For the tw -
sided tesi, an upper bound on M* can' be outained by
using the methods from Section 3 with k = IJ.

5. DISCUSSION

In this study, the M test, which is based on adjusted
residuals, is proposed. Iis critical values are derived from
inequalities relevant to simultaneous test procedures
{e.g., see Dunn 1961 and Goodman 1964).

An evaluation of the performance of the Af test for a
variety of cases by means of a numerical eomparison of
its power with the power of chi-squared test can be found
in Fuchs (1978). For both the multinomial and the {wo-
way contingency table wases the probability vectors p
were assumed to satisfy

p—p=d/vN , d=1(d...,d), (51)
where the d;'s are constants. ({5.1) can be relaxed to
p—p’' =dN)/ N with d(N) —d as N —=). This
structure of alternuiives has heen considered in investige
tions of the limiting power of the chi-squared test (e.g.,
see Cochran 1952, Chapman and Meng 1966, and
Haberman 1974).

Among all the eases, the maximum difference between
the bounds on the power of the M test, as calculated by
using the upper Bonferroni bound and the lower bound in
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(3.6), was less than .004. Therefore, in the case of a single
merginal constraint the Bonferroni approximation turns
out to be very accurate. In the multinomial case the
computed lower 1 uuds of the asymptotic power of the
propoesed M {est exceed the power of the chi-squared test
in the presence of a single outlier for moderate- and large-
number groups. In the case of several outhiers, the M test
has higher power provided that the number of outliers is
limited (to less than 5 to 10 percent of the number of
cells) and the deviations are fairly unequal, When a single
outlier is present in a8 two-way contingency table the
probability of its correct identification by the M test
exceeds the power of the chi-squared tes. for almost all
the cases of interest,

Thetefore, it seems appropriate to suggest that the
adjusted residuals be computed and the A test be used
a8 a supplement to the chi-squared test whether the
null hypothesis is retained. The possibility of testing H,
against one-sided alternatives and the ability to identify
one or more outliers simultaneousty with the rejection
of the null hypothesis are notable advantages of the new
test. The upper bounds on the eritical values of the M
test are simple to compute and result in a conservative
test. By computing the lower bounds the accuracy of
these upper bounds can be evaluated.

The caleulation of the bounds on the critical values of
the M test rely only on the asymptotic bivariate normal
distribution of pairs of residuals {and on their marginal
urivariste normal Aimtribuiions). Equation {4.4) can be
solved for a variety of models for which the M test can
also be applied in order to detect outliers and to test null
hynotheses.

{ Received Oclober 1978. Revised July 1979.]
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